Chapter 2

Self-adjointness and
spectrum

2.1. Some quantum mechanics

In quantum mechanics, a single particle living in R? is described by a
complex-valued function (the wave function)

P(x,t), (z,t) € R® x R, (2.1)

where = corresponds to a point in space and ¢ corresponds to time. The
quantity pi(x) = |1 (x,t)|? is interpreted as the probability density of the
particle at the time ¢. In particular, v» must be normalized according to

[ s =1, ter (2.9

The location z of the particle is a quantity which can be observed (i.e.,
measured) and is hence called observable. Due to our probabilistic inter-
pretation, it is also a random variable whose expectation is given by

Ey(x) = /R3 x| (x, )| *dPe. (2.3)

In a real life setting, it will not be possible to measure x directly and one will
only be able to measure certain functions of . For example, it is possible to
check whether the particle is inside a certain area ) of space (e.g., inside a
detector). The corresponding observable is the characteristic function yq(x)
of this set. In particular, the number

Butn) = [ xa@loPde = [ weoPds 4
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56 2. Self-adjointness and spectrum

corresponds to the probability of finding the particle inside © C R3. An
important point to observe is that, in contradistinction to classical mechan-
ics, the particle is no longer localized at a certain point. In particular,
the mean-square deviation (or variance) Ay (z)? = Ey(2?) — Ey(2)? is
always nonzero.

In general, the configuration space (or phase space) of a quantum
system is a (complex) Hilbert space $) and the possible states of this system
are represented by the elements ¢ having norm one, [|¢| = 1.

An observable a corresponds to a linear operator A in this Hilbert space
and its expectation, if the system is in the state 1, is given by the real
number

Ey(A) = (¢, AY) = (Ay, ), (2.5)

where (.,..) denotes the scalar product of §). Similarly, the mean-square
deviation is given by

Ay(A)? = Ey(A?) — Ey(A)* = [|(A — Ey(A)9]*. (2.6)

Note that Ay (A) vanishes if and only if ¢ is an eigenstate corresponding to
the eigenvalue Ey(A); that is, Ay = Ey(A)1p.

From a physical point of view, (2.5) should make sense for any ¢ € 9.
However, this is not in the cards as our simple example of one particle already
shows. In fact, the reader is invited to find a square integrable function ¢ (x)
for which zt(z) is no longer square integrable. The deeper reason behind
this nuisance is that Ey(2) can attain arbitrarily large values if the particle
is not confined to a finite domain, which renders the corresponding opera-
tor unbounded. But unbounded operators cannot be defined on the entire
Hilbert space in a natural way by the closed graph theorem (Theorem 2.8
below).

Hence, A will only be defined on a subset D(A) C § called the domain
of A. Since we want A to be defined for at least most states, we require
D(A) to be dense.

However, it should be noted that there is no general prescription for how
to find the operator corresponding to a given observable.

Now let us turn to the time evolution of such a quantum mechanical
system. Given an initial state ¥ (0) of the system, there should be a unique
1 (t) representing the state of the system at time ¢t € R. We will write

P(t) = U)9(0). (2.7)

Moreover, it follows from physical experiments that superposition of states
holds; that is, U(t)(c111(0) + ca1p2(0)) = anthr (¢) + aatha(t) (|O¢1|2 + |042|2 =
1). In other words, U(t) should be a linear operator. Moreover, since 1) (t)
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is a state (i.e., || (t)|| = 1), we have
U@l = [l (2.8)

Such operators are called unitary. Next, since we have assumed uniqueness
of solutions to the initial value problem, we must have

UO) =1, Ut+s)=U)U(s). (2.9)

A family of unitary operators U(t) having this property is called a one-
parameter unitary group. In addition, it is natural to assume that this
group is strongly continuous; that is,

lm Uty = Ul @€ 9. (2.10)

Each such group has an infinitesimal generator defined by

i 1
Hy = lim (U — ¥), D(H) = {4 € | lim (U (1) — o) exists).
(2.11)
This operator is called the Hamiltonian and corresponds to the energy of
the system. If ¥(0) € ©(H), then ¥(¢) is a solution of the Schrédinger
equation (in suitable units)

d
i (t) = Hu(). (2.12)

This equation will be the main subject of our course.

In summary, we have the following axioms of quantum mechanics.

Axiom 1. The configuration space of a quantum system is a complex
separable Hilbert space $ and the possible states of this system are repre-
sented by the elements of § which have norm one.

Axiom 2. Each observable a corresponds to a linear operator A defined
maximally on a dense subset ©(A). Moreover, the operator correspond-
ing to a polynomial P,(a) = Z?:o ajal, a; € R, is Py (A) = Z?:o o A,
D(Pa(A)) =D(A") = {¢ € D(A)|AY € D(A" )} (A° =1T).

Axiom 3. The expectation value for a measurement of a, when the
system is in the state ¢ € D(A), is given by (2.5), which must be real for
all v € D(A).

Axiom 4. The time evolution is given by a strongly continuous one-
parameter unitary group U(t). The generator of this group corresponds to
the energy of the system.

In the following sections we will try to draw some mathematical conse-
quences from these assumptions:

First we will see that Axioms 2 and 3 imply that observables corre-
spond to self-adjoint operators. Hence these operators play a central role
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in quantum mechanics and we will derive some of their basic properties.
Another crucial role is played by the set of all possible expectation values
for the measurement of a, which is connected with the spectrum o (A) of the
corresponding operator A.

The problem of defining functions of an observable will lead us to the
spectral theorem (in the next chapter), which generalizes the diagonalization
of symmetric matrices.

Axiom 4 will be the topic of Chapter 5.

2.2. Self-adjoint operators

Let $ be a (complex separable) Hilbert space. A linear operator is a linear
mapping

A:D(A) — 9, (2.13)
where ©(A) is a linear subspace of §, called the domain of A. It is called
bounded if the operator norm

[All = sup [[Ay[l= = sup  [(¢, Ap)| (2.14)

lvll=1 lell=ll¥l=1
is finite. The second equality follows since equality in (v, Ap)| < ||| ||A¢]]
is attained when Ay = 2z for some z € C. If A is bounded, it is no
restriction to assume D (A4) = $ and we will always do so. The Banach space

of all bounded linear operators is denoted by £(5)). Products of (unbounded)
operators are defined naturally; that is, ABY = A(Bv) for ¢ € D(AB) =

{ € D(B)|BY € D(A)}.
The expression (1, A1) encountered in the previous section is called the
quadratic form,

qa() = (¥, Ay), P e D(A), (2.15)

associated to A. An operator can be reconstructed from its quadratic form
via the polarization identity

(¢, AY) = i (qa(p + ) — qalp — ) +igale — i) —iga(p +1i)) . (2.16)

A densely defined linear operator A is called symmetric (or hermitian) if
(p, AY) = (Ap,¥), ¥, p € D(A). (2.17)
The justification for this definition is provided by the following

Lemma 2.1. A densely defined operator A is symmetric if and only if the
corresponding quadratic form is real-valued.
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Proof. Clearly (2.17) implies that Im(g4(¢))) = 0. Conversely, taking the
imaginary part of the identity

gAY +1ip) = qa(¥) + qa(p) +i((Y, Ap) — (p, AY))

shows Re(Ap, ) = Re(p, Ap). Replacing ¢ by ip in this last equation
shows Im(Ayp, 1) = Im(p, Ar) and finishes the proof. O

In other words, a densely defined operator A is symmetric if and only if
(, Ap) = (A, ), ¢ € D(A). (2.18)

This already narrows the class of admissible operators to the class of
symmetric operators by Axiom 3. Next, let us tackle the issue of the correct
domain.

By Axiom 2, A should be defined maximally; that is, if A is another
symmetric operator such that A C A, then A = A. Here we write A C A
if D(A) € D(A) and Ay = Aq for all ¢» € D(A). The operator A is called
an extension of A in this case. In addition, we write A = A if both A C A
and A C A hold.

The adjoint operator A* of a densely defined linear operator A is
defined by

D(AY) = {wenFeH: (¥ Ap) = (b, ¢), Y0 € D(A)},
g (2.19)
A% = .
The requirement that ©(A) be dense implies that A* is well-defined. How-
ever, note that D(A*) might not be dense in general. In fact, it might
contain no vectors other than 0.

Clearly we have (aA)* = o*A* for @« € C and (A + B)* 2 A* + B*
provided (A 4+ B) = ©(A) N D(B) is dense. However, equality will not
hold in general unless one operator is bounded (Problem 2.2).

For later use, note that (Problem 2.4)

Ker(A*) = Ran(A)*. (2.20)

For symmetric operators we clearly have A C A*. If, in addition, A = A*
holds, then A is called self-adjoint. Our goal is to show that observables
correspond to self-adjoint operators. This is for example true in the case of
the position operator =, which is a special case of a multiplication operator.

Example. (Multiplication operator) Consider the multiplication operator
(Af)(z) = A(z)f(z), D(A)={f € L*R" du)| Af € L*(R",du)}
(2.21)

given by multiplication with the measurable function A : R® — C. First
of all note that ©(A) is dense. In fact, consider Q, = {x € R"||A(z)] <
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n} / R™. Then, for every f € L?(R", du) the function f, = xq,f € D(A)
converges to f as n — oo by dominated convergence.

Next, let us compute the adjoint of A. Performing a formal computation,
we have for h, f € D(A) that

(h, Af) Z/h(ﬂf)*A(w)f(w)du(x) =/(A(fv)*h(w))*f(x)du(w) = (4h, f),
} (2.22)
where A is multiplication by A(x)*,
(Af)(@) = A(@) f(z), D(A)={f € L*R",du) | Af € L*(R",du)}.
(2.23)
Note D(A) = D(A). At first sight this seems to show that the adjoint of
A is A. But for our calculation we had to assume h € D(A) and there
might be some functions in D (A*) WhiC~h do not satisfy this requirement! In
particular, our calculation only shows A C A*. To show that equality holds,
we need to work a little harder:

If h € D(A*), there is some g € L*(R",du) such that

/ W) A(x) f (x)dp(z) = / g(o) f(@)dp(z),  feDA), (224
and thus
[h@a@) - g@) f@dn) =0, f D) (2.25)

In particular,
/Xﬂn(fﬂ)(h(x)A(x)* —g(@))" f(x)du(z) =0,  feL*R",du), (2:26)

which shows that xgq, (h(x)A(z)* — g(x))* € L?*(R",dp) vanishes. Since n
is arbitrary, we even have h(z)A(x)* = g(x) € L*(R",du) and thus A* is
multiplication by A(x)* and D(A*) = D(A).

In particular, A is self-adjoint if A is real-valued. In the general case we
have at least || Af|| = ||[A*f|| for all f € D(A) = D(A*). Such operators are
called normal. o

Now note that
ACB = B*CAY (2.27)
that is, increasing the domain of A implies decreasing the domain of A*.
Thus there is no point in trying to extend the domain of a self-adjoint

operator further. In fact, if A is self-adjoint and B is a symmetric extension,
we infer A C B C B* C A* = A implying A = B.

Corollary 2.2. Self-adjoint operators are maximal; that is, they do not have
any symmetric exrtensions.



2.2. Self-adjoint operators 61

Furthermore, if A* is densely defined (which is the case if A is symmet-
ric), we can consider A**. From the definition (2.19) it is clear that A C A™*
and thus A™ is an extension of A. This extension is closely related to ex-
tending a linear subspace M via M +L ="M (as we will see a bit later) and
thus is called the closure A = A** of A.

_If A is symmetric, we have A C A* and henceﬁZ = A™ C A% that is,
A lies between A and A*. Moreover, (1, A*¢) = (A, @) for all Y € D(A),
¢ € D(A*) implies that A is symmetric since A*p = Ay for ¢ € D(A).
Example. (Differential operator) Take $ = L?(0, 27).

(i) Consider the operator

Aof = —i-Lf, D(A) = {f € C0,20] | £(0) = f2m) = O} (2.28)
dr

That Ag is symmetric can be shown by a simple integration by parts (do
this). Note that the boundary conditions f(0) = f(2r) = 0 are chosen
such that the boundary terms occurring from integration by parts vanish.
However, this will also follow once we have computed Af. If g € D(A}), we
must have

2T 27
/sMW%ﬂwM=/§@V@M (2.29)
0 0

for some § € L?(0,27). Integration by parts (cf. (2.116)) shows

:ﬂ (2) <g(x) —i /0 ’ g(t)dt>* da = 0. (2.30)

In fact, this formula holds for § € C[0,2x]. Since the set of continuous
functions is dense, the general case § € L?(0,27) follows by approximating
g with continuous functions and taking limits on both sides using dominated
convergence.

Hence g(z) — 1 [ §(t)dt € {f'|f € D(Ao)}-. But {f|f € D(Ag)} =
{h € CI0,27]| fozﬂ h(t)dt = 0} (show this) implying g(z) = g(0) +1 [ g(t)dt
since {f'|f € D(Ag)} = {h € H|(1,h) = 0} = {1} and {1}*+ = span{1}.
Thus g € AC|0, 2], where

ACla, bl = {f € Cla,b]|f(x) = f(a) + /gcg(t)alt7 g€ L' (a,b)}  (2.31)

denotes the set of all absolutely continuous functions (see Section 2.7). In
summary, g € D(A§) implies g € AC[0,27] and Afg = § = —i¢’. Conversely,
for every g € H(0,27) = {f € AC|0,2x]|f" € L*(0,2m)}, (2.29) holds with
g = —ig’ and we conclude

d

Aof = —1%

f, D(AY) = HY0,27). (2.32)
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In particular, Ap is symmetric but not self-adjoint. Since Ay = AF* C A3,
we can use integration by parts to compute

0= (g, Aof) — (AGg, f) = i(£(0)g(0)" — f(2m)g(2m)") (2.33)

and since the boundary values of g € D(Af) can be prescribed arbitrarily,
we must have f(0) = f(27) = 0. Thus

Aof = —ia-f, D(A) = {f €D(AY|F0) = fem) =0} (234)
(ii) Now let us take

. d
Af=—if, DA)={f¢ C'[0, 27| £(0) = f(2m)}, (2.35)
which is clearly an extension of Ag. Thus A* C Aj and we compute

0=1(9,Af) = (A%g, [) =1f(0)(9(0)" — g(2m)"). (2.36)
Since this must hold for all f € ®(A), we conclude g(0) = g(27) and

Af=—if, DA)={f¢ H'(0,2m)| f(0) = f(2m)}. (2.37)
Similarly, as before, A = A* and thus A is self-adjoint. o

One might suspect that there is no big difference between the two sym-
metric operators Ay and A from the previous example, since they coincide
on a dense set of vectors. However, the converse is true: For example, the
first operator Ap has no eigenvectors at all (i.e., solutions of the equation
Aoy = z1p, z € C) whereas the second one has an orthonormal basis of
eigenvectors!

Example. Compute the eigenvectors of Ag and A from the previous exam-
ple.

(i) By definition, an eigenvector is a (nonzero) solution of Agu = zu,
z € C, that is, a solution of the ordinary differential equation

—id/(z) = 2u(x) (2.38)

satisfying the boundary conditions u(0) = u(27) = 0 (since we must have
u € D(Ap)). The general solution of the differential equation is u(x) =
1(0)e'*® and the boundary conditions imply u(z) = 0. Hence there are no
eigenvectors.

(ii) Now we look for solutions of Au = zu, that is, the same differential
equation as before, but now subject to the boundary condition u(0) = u(2w).
Again the general solution is u(x) = u(0)e!*® and the boundary condition
requires u(0) = u(0)e?™#. Thus there are two possibilities. Either u(0) = 0
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(which is of no use for us) or z € Z. In particular, we see that all eigenvectors
are given by

1 inx
Up(r) = ——€", n € 7, 2.39
(@) = = (239)
which are well known to form an orthonormal basis. &

We will see a bit later that this is a consequence of self-adjointness of
A. Hence it will be important to know whether a given operator is self-
adjoint or not. Our example shows that symmetry is easy to check (in case
of differential operators it usually boils down to integration by parts), but
computing the adjoint of an operator is a nontrivial job even in simple situ-
ations. However, we will learn soon that self-adjointness is a much stronger
property than symmetry, justifying the additional effort needed to prove it.

On the other hand, if a given symmetric operator A turns out not to
be self-adjoint, this raises the question of self-adjoint extensions. Two cases
need to be distinguished. If A is self-adjoint, then there is only one self-
adjoint extension (if B is another one, we have A C B and hence A = B
by Corollary 2.2). In this case A is called essentially self-adjoint and
D(A) is called a core for A. Otherwise there might be more than one self-
adjoint extension or none at all. This situation is more delicate and will be
investigated in Section 2.6.

Since we have seen that computing A* is not always easy, a criterion for
self-adjointness not involving A* will be useful.

Lemma 2.3. Let A be symmetric such that Ran(A+ z) = Ran(A+z*) = 9
for one z € C. Then A is self-adjoint.

Proof. Let ¢ € D(A%) and A"y = . Since Ran(A 4 z*) = 9, there is a
¥ € D(A) such that (A + 2*)9 = ¢ 4+ z*¢. Now we compute

(W, (A+2)p) = (Y +2"%,0) = (A+2°)9,0) = (0, (A+2)p), » €D(A),
and hence ¢ =9 € D(A) since Ran(A + z) = 9. O

To proceed further, we will need more information on the closure of
an operator. We will use a different approach which avoids the use of the
adjoint operator. We will establish equivalence with our original definition
in Lemma 2.4.

The simplest way of extending an operator A is to take the closure of its

graph I'(4) = {(, A4y)|¢ € D(A)} € §°. That is, if (Yn, An) — (¢,9)),

we might try to define Ay = 1. For Ay to be well-defined, we need that

(n, Athy) — (0,4)) implies ¢ = 0. In this case A is called closable and
the unique operator A which satisfies I'(A) = T'(A) is called the closure of
A. Clearly, A is called closed if A = A, which is the case if and only if the
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graph of A is closed. Equivalently, A is closed if and only if T'(A) equipped
with the graph norm ||(¢,A1/J)H%<A) = []1]|? + ||A%||? is a Hilbert space
(i.e., closed). By construction, A is the smallest closed extension of A.

Example. Suppose A is bounded. Then the closure was already computed

in Theorem 0.26. In particular, ®(A4) = ©(A) and a bounded operator is
closed if and only if its domain is closed. o

Example. Consider again the differential operator Ay from (2.28) and let
us compute the closure without the use of the adjoint operator.

Let f € D(Ap) and let f, € D(Ap) be a sequence such that f, — f,
Ao fn — —ig. Then f}, — g and hence f(z) = [; g(t)dt. Thus f € AC[0,27]
and f(0) = 0. Moreover f(27) = lim,_0 f027r f1(#)dt = 0. Conversely, any
such f can be approximated by functions in ®(Ap) (show this). ©

Example. Consider again the multiplication operator by A(x) in L?(R", du)
but now defined on functions with compact support, that is,

D(Ao) = {f € D(A) | supp(f) is compact}. (2.40)
Then its closure is given by Ay = A. In particular, Ay is essentially self-

adjoint and ®(Ap) is a core for A.

To prove Ag = A, let some f € D(A) be given and consider f, =
X{z||z|<n}f- Then f, € D(Ag) and fn(z) — f(z) as well as A(z)fn(z) —
A(z)f(z) in L*(R",dy) by dominated convergence. Thus D (Ag) C D(A)
and since A is closed, we even get equality. o

Example. Consider the multiplication A(x) = x in L?(R) defined on

D(4o) = {f € D(A) | /R f(x)dz = 0}. (2.41)

Then Ay is closed. Hence ®(Ap) is not a core for A.

To show that Ag is closed, suppose there is a sequence f,(z) — f(x)
such that zf,(x) — g(x). Since A is closed, we necessarily have f € D(A)
and ¢g(z) = zf(x). But then

0= lim [ fup(x)dz= lim [ ——(fu(x) +sign(z)zfr(x))dz

Py A Jo T Jal
1 . B

- /R /@) + sien(@)g(a)dr = /R f(x)de (2.42)

which shows f € D(Ayp). o

Next, let us collect a few important results.
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Lemma 2.4. Suppose A is a densely defined operator.
(i) A* is closed.
(ii) A is closable if and only if D(A*) is dense and A = A**, respec-
tively, (A)* = A*, in this case.
(iii) If A is injective and Ran(A) is dense, then (A*)™1 = (A=1)*. If
A is closable and A is injective, then A=A

Proof. Let us consider the following two unitary operators from 2 to itself

Ule,¥) = (b, =), Vg, ¥) = (¥, 9).
(i) From
D(A%) = {(, @) € 9°[(p, AY) = (@, ¥), Vo € D(A)}
= {(¢.9) € 9’{(#.9). (U, ~¥)) e = 0, ¥(¥,9) € T(A)}
= (UT(A)* (2.43)
we conclude that A* is closed.
(ii) Similarly, using UT* = (UT)* (Problem 1.4), by
[(4) =T(A)H = (UrAY)*
= {1 0)] (4, A%p) — (¥, ) = 0,V € D(A")}

we see that (0,7) € T(A) if and only if 1) € D(A*)L. Hence A is closable if
and only if ®(A*) is dense. In this case, equation (2.43) also shows A" = A*,
Moreover, replacing A by A* in (2.43) and comparing with the last formula

shows A™ = A.
(iii) Next note that (provided A is injective)

LA™ =VT(A).
Hence if Ran(A) is dense, then Ker(A*) = Ran(A)* = {0} and
D((A)™Y) = VI(A*) = VUT(A)L = UVT(A)L = U(VT(A)*
shows that (4*)~! = (A~1)*. Similarly, if A is closable and A is injective,
then A" = A1 by
I(A ") = VI(A) = VI(A) = T(AD).

0

Corollary 2.5. If A is self-adjoint and injective, then A~' is also self-
adjoint.

Proof. Equation (2.20) in the case A = A* implies Ran(A)* = Ker(A)
{0} and hence (iii) is applicable.

O
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If A is densely defined and bounded, we clearly have ®(A*) = §) and by
Corollary 1.9, A* € £(9). In particular, since A = A**, we obtain

Theorem 2.6. We have A € £(9) if and only if A* € £(9).

Now we can also generalize Lemma 2.3 to the case of essential self-adjoint
operators.

Lemma 2.7. A symmetric operator A is essentially self-adjoint if and only
if one of the following conditions holds for one z € C\R:

e Ran(A + z) = Ran(A + z*) = 9,
o Ker(A* 4 z) = Ker(4* + z*) = {0}.

If A is nonnegative, that is, (¢, Ap) > 0 for all v € D(A), we can also
admit z € (—o0,0).

Proof. First of all note that by (2.20) the two conditions are equivalent.
By taking the closure of A, it is no restriction to assume that A is closed.
Let z =z +iy. From

1A+ 2)¢* = (A + 2)¢ + iyy||?
= A+ )l + 2 1el? = 2wl (2.44)

we infer that Ker(A+z) = {0} and hence (A+2)~! exists. Moreover, setting
Y = (A+2)"Lp (y # 0) shows [|[(A+ 2)7|| < |y|~*. Hence (A+ 2)~!is
bounded and closed. Since it is densely defined by assumption, its domain
Ran(A + z) must be equal to $). Replacing z by z*, we see Ran(A+z*) = 9
and applying Lemma 2.3 shows that A is self-adjoint. Conversely, if A = A*,
the above calculation shows Ker(A* + z) = {0}, which finishes the case
z € C\R.

The argument for the nonnegative case with z < 0 is similar using
elvll* < (W, (A+e)y) < [9llI(A+ )| which shows (A +¢)~" < &7,
e > 0. O

In addition, we can also prove the closed graph theorem which shows
that an unbounded closed operator cannot be defined on the entire Hilbert
space.

Theorem 2.8 (Closed graph). Let $1 and $H2 be two Hilbert spaces and
A $H1 — $H9 an operator defined on all of $H1. Then A is bounded if and
only if T(A) is closed.

Proof. If A is bounded, then it is easy to see that I'(A) is closed. So let us
assume that I'(A) is closed. Then A* is well-defined and for all unit vectors
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¢ € D(A*) we have that the linear functional £, () = (A*p, 1)) is pointwise
bounded, that is,

1o ()| = (e, Ap)| < || AY]|.
Hence by the uniform boundedness principle there is a constant C' such that
[€,]l = ||[A*p|| < C. That is, A* is bounded and so is A = A**. O

Note that since symmetric operators are closable, they are automatically
closed if they are defined on the entire Hilbert space.

Theorem 2.9 (Hellinger-Toeplitz). A symmetric operator defined on the
entire Hilbert space is bounded.

Problem 2.1 (Jacobi operator). Let a and b be some real-valued sequences
in £>°(Z). Consider the operator

Jfn = anfont1 + an—1fa—1 + bnfa, f EZQ(Z)'
Show that J is a bounded self-adjoint operator.

Problem 2.2. Show that («A)* = o*A* and (A+ B)* O A* + B* (where
D(A* + B*) = D(A*) N D(B*)) with equality if one operator is bounded.
Give an example where equality does not hold.

Problem 2.3. Suppose AB is densely defined. Show that (AB)* O B*A*.
Moreover, if B is bounded, then (BA)* = A*B*.

Problem 2.4. Show (2.20).

Problem 2.5. An operator is called normal if ||Ap| = ||A*Y| for all
Y eD(A) =D(A").
Show that if A is normal, so is A+ z for any z € C.

Problem 2.6. Show that normal operators are closed. (Hint: A* is closed.)

Problem 2.7. Show that a bounded operator A is normal if and only if
AA* = A*A.

Problem 2.8. Show that the kernel of a closed operator is closed.
Problem 2.9. Show that if A is closed and B bounded, then AB is closed.

2.3. Quadratic forms and the Friedrichs extension

Finally we want to draw some further consequences of Axiom 2 and show
that observables correspond to self-adjoint operators. Since self-adjoint op-
erators are already maximal, the difficult part remaining is to show that an
observable has at least one self-adjoint extension. There is a good way of
doing this for nonnegative operators and hence we will consider this case
first.
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An operator is called nonnegative (resp. positive) if (¢, Ay) > 0 (resp.
> 0 for ¢ #£ 0) for all p € D(A). If A is positive, the map (¢, ) — (@, A)
is a scalar product. However, there might be sequences which are Cauchy
with respect to this scalar product but not with respect to our original one.
To avoid this, we introduce the scalar product

(o, 0)a=(p,(A+1)9),  A=0, (2.45)

defined on ®(A), which satisfies ||¢|| < ||1||a. Let $.4 be the completion of
D(A) with respect to the above scalar product. We claim that $4 can be
regarded as a subspace of $; that is, D(A) C H4 C 9.

If (¢,) is a Cauchy sequence in D(A), then it is also Cauchy in § (since
Il < |1v]| 4 by assumption) and hence we can identify the limit in $)4 with
the limit of (¢,) regarded as a sequence in §). For this identification to be
unique, we need to show that if (¢,) C ®(A) is a Cauchy sequence in $4
such that ||, || — 0, then [|tp,]|4 — 0. This follows from

HQ/}nHZX = (Yns ¥ — Ym)a + (Y, Pm) A

< Nnllallon = tmlla+ (9l (A + 1) dom|l (2.46)

since the right-hand side can be made arbitrarily small choosing m, n large.

Clearly the quadratic form g4 can be extended to every ¥ € $H4 by
setting

qa(¥) = (¥, ¥)a = I, ¥ €Q(4) = 9Ha. (2.47)
The set Q(A) is also called the form domain of A.

Example. (Multiplication operator) Let A be multiplication by A(x) > 0
in L?(R™,dy). Then

Q(4) = D(AY?) = {f € IA(R", dp) | AV2f € L2 (R dp)}  (2.48)
and
ga(z) = / A()f () Pdp) (2.49)
RTL
(show this). o

Now we come to our extension result. Note that A + 1 is injective and
the best we can hope for is that for a nonnegative extension A, the operator
A+ 1 is a bijection from D(A) onto .

Lemma 2.10. Suppose A is a nonnegative operator. Then there is a non-
negative extension A such that Ran(A + 1) = 9.

Proof. Let us define an operator A by

D(A) = {YenalTen: (p,d)a= (o), Vo€ Nal},
Ay = G-
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Since $4 is dense, ¢ is well-defined. Moreover, it is straightforward to see
that A is a nonnegative extension of A.

It is also not hard to see that Ran(A + 1) = $. Indeed, for any ¢ € §,
@ — (1), ) is a bounded linear functional on $4. Hence there is an element
¥ € $H4 such that (1, @) = (1, p) 4 for all ¢ € $H4. By the definition of A,
(A+ 1)y =1 and hence A + 1 is onto. O

Example. Let us take $ = L?(0,7) and consider the operator
d2
da?
which corresponds to the one-dimensional model of a particle confined to a

box.

Af =——f, D(A) ={f € C*0,x]| f(0) = f(m) =0}, (2.50)

(i) First of all, using integration by parts twice, it is straightforward to
check that A is symmetric:

/0 g(x)"(=f )(w)dx—/o g(w)*f(ﬂf)dl’—/o (—=g")(@)" f()dz. (2.51)

Note that the boundary conditions f(0) = f(n) = 0 are chosen such that
the boundary terms occurring from integration by parts vanish. Moreover,
the same calculation also shows that A is positive:

/f i dx—/|f (z)[*dz >0, f#0. (2.52)

(ii) Next let us show H4 = {f € H*(0,7) | f(0) = f(7) = 0}. In fact,
since

(9. f)a = / (¢ @) F (@) + 9(2)* f(@)) do, (2.53)

we see that f,, is Cauchy in 94 if and only if both f, and f’ are Cauchy
in L2(0, 71') Thus fn — fand f, — g in L*(0,7) and fn(z) = [; f)(t
implies f(z fo t)dt. Thus f € AC[0,x]|. Moreover, f (0) =0is obV1ous
and from 0 = fa(m) = [§ fr(t)dt we have f(r) = limp oo [y f7,(t)dt = 0.
So we have $4 C {f e HY(0, 7r)|f( ) = f(m) = 0}. To see the converse,
approximate f’ by smooth functions g,. Using g, — fo gn(t)dt instead
of gn, it is no restriction to assume [ gn(t)dt = 0. Now deﬁne fulz) =
Jy gn(t)dt and note f, € D(A) — f.

(iif) Finally, let us compute the extension fl; We have f € D(A) if for
all g € $H4 there is an f such that (g, f)4 = (g, f). That is,

/ " (@) f(w)de = / " g0 (F@) — f(z))d. (2.54)
0 0
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Integration by parts on the right-hand side shows
| s r@an=— [ [(Fo - repia @)
or equivalently

/OW g () (f’(x) + /Om(f(t) — f(t))dt> dx = 0. (2.56)

Now observe {¢g' € §lg € Ha} = {h € ] [; h(t)dt = 0} = {1} and thus
f(x) + fom(f(t) — f(t))dt € {1}*++ = span{1}. So we see f € H%(0,7) =
{f € AC[0,x]|f' € H'(0,7)} and Af = —f". The converse is easy and
hence

N d?

Af ===l DA) ={f e H0,7][f(0) = f(m) =0} (257)

<&

Now let us apply this result to operators A corresponding to observables.
Since A will, in general, not satisfy the assumptions of our lemma, we will
consider A? instead, which has a symmetric extension A2 with Ran(A2+1) =
$. By our requirement for observables, A? is maximally defined and hence
is equal to this extension. In other words, Ran(A4? 4+ 1) = §. Moreover, for
any o € §) there is a 1) € D(A?) such that

(A—i)(A+i) = (A+i)(A—i)p = (2.58)

and since (A £1i)y € D(A), we infer Ran(A £1) = . As an immediate
consequence we obtain

Corollary 2.11. Observables correspond to self-adjoint operators.
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Let A be a (densely defined) closed operator. The resolvent set of A is
defined by

p(A)={zeCl(A-2)"teg®H)} (2.66)
More precisely, z € p(A) if and only if (A — 2) : D(A) — 9 is bijective
and its inverse is bounded. By the closed graph theorem (Theorem 2.8), it
suffices to check that A — z is bijective. The complement of the resolvent
set is called the spectrum

o(A) = C\p(A) (2.67)
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of A. In particular, z € o(A) if A — z has a nontrivial kernel. A vector
1 € Ker(A — 2) is called an eigenvector and z is called an eigenvalue in
this case.

The function
Ry: p(A) — £(9) (2.68)
z — (A—2)7t
is called the resolvent of A. Note the convenient formula
Ra(z)*=((A—2)"1)" =((A=2)") "' = (A" —2")7" = Ra-(z%). (2.69)

In particular,
p(A") = p(A)". (2.70)

Example. (Multiplication operator) Consider again the multiplication op-
erator

(Af)(x) = A(x) f(z), D(A)={f € L*(R",du)| Af € L*(R",du)},
(2.71)
given by multiplication with the measurable function A : R®™ — C. Clearly
(A — z)~!is given by the multiplication operator

—2) 7 f(x :71 T
(=27 1) = 45— @)

1
D((A—2)") ={f € LXR",dp) | — f € L(R", dp)} (2.72)
whenever this operator is bounded. But [[(A — 2)7!| = |4l < L s
equivalent to pu({z||A(z) — z| < €}) = 0 and hence
p(A) ={z€C|F > 0: pu({z||A(z) — 2| < e}) = 0}. (2.73)

The spectrum
o(A)={2€C|Ve > 0: u({z||A(z) — 2| < e}) > 0} (2.74)

is also known as the essential range of A(z). Moreover, z is an eigenvalue
of Aif u(A=1({z})) > 0 and XA-1({z}) is a corresponding eigenfunction in
this case. o

Example. (Differential operator) Consider again the differential operator
d
Af=—itf, D(A)={f € AC,27]|f' € I, f(0) = f(2m)} (275)

in L?(0,27). We already know that the eigenvalues of A are the integers
and that the corresponding normalized eigenfunctions

1 inx
un(z) = Nor (2.76)

form an orthonormal basis.
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To compute the resolvent, we must find the solution of the correspond-
ing inhomogeneous equation —if’(z) — z f(z) = g(x). By the variation of
constants formula the solution is given by (this can also be easily verified
directly)

X
f(x) = f(0)e'™™ +i / === (1) dt. (2.77)
0
Since f must lie in the domain of A, we must have f(0) = f(2x) which gives
i 2m i
f(0) = e—27T—1/0 e #g(t)dt, z € C\Z. (2.78)
(Since z € Z are the eigenvalues, the inverse cannot exist in this case.) Hence
2w
(A=2)7lg(a) = | G(z a2, t)g(t)dt, (2.79)
0
where '
; —m, >,
Gz, 2,t) = o@D § T T Lec\z (2.80)
=y <,
In particular o(A4) = Z. o

If z,2' € p(A), we have the first resolvent formula
Ra(2) — Ra(?) = (2 = 2)Ra(2)Ra(?) = (2 — 2')Ra(Z)Ra(2). (2.81)
In fact,
(A=2)"' = (z=2)(A—-2) (A==
—(A-2)'A-z-A+A-HNA-)"H=A-2)" (282
which proves the first equality. The second follows after interchanging z and

Z'. Now fix 2/ = zp and use (2.81) recursively to obtain

Ru(z) = Z(z — 20) Ra(20)’ ™ + (2 — 20)" M Ra(20)" " Ra(2).  (2.83)
§j=0
The sequence of bounded operators
Ry = (2~ 20)' Ra(z0)*! (2.84)
§=0
converges to a bounded operator if |2 — 20| < [|[Ra(z0)||~! and clearly we
expect z € p(A) and R, — R(z) in this case. Let Ry = lim,_, R, and
set o, = Ry, o = Rootp for some 1 € §). Then a quick calculation shows

ARpp = (A — 20) Rpt) + 2000 = ¥ + (2 — 20)Pn—1 + 200n- (2.85)

Hence (pn, Apn) — (o, + zp) shows ¢ € D(A) (since A is closed) and
(A — 2)Rootp = 4. Similarly, for ¢ € D(A),

R, AY =9+ (2 — 20)pn—1 + 200n (2.86)
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and hence Roo(A — 2)1p = ¢ after taking the limit. Thus Ry = Ra(z) as
anticipated.

If A is bounded, a similar argument verifies the Neumann series for
the resolvent

n—1 i
A1
Ru(z) = — Z pEni 27A Ra(z)
=0
=-> e > 1Al (2.87)
=0

In summary we have proved the following:

Theorem 2.15. The resolvent set p(A) is open and Ra : p(A) — £(9) is
holomorphic; that is, it has an absolutely convergent power series expansion
around every point zo € p(A). In addition,

[RA(2)|| > dist(z,a(A))~" (2.88)
and if A is bounded, we have {z € C||z| > ||A||} C p(4).

As a consequence we obtain the useful

Lemma 2.16. We have z € o(A) if there is a sequence ¥, € D(A) such
that ||Ynll = 1 and ||[(A — 2),|| — 0. If z is a boundary point of p(A), then
the converse is also true. Such a sequence is called a Weyl sequence.

Proof. Let 1, be a Weyl sequence. Then z € p(A) is impossible by 1 =
[nll = I1RA(2)(A = 2)¢bn|| < [[Ra(2)[[[(A = 2)¢n]| — 0. Conversely, by
(2.88) there is a sequence z, — z and corresponding vectors ¢, € $) such
that || Ra(2)@nlllon]~' — oo. Let 9, = Ra(zn)@n and rescale ¢, such that
l¥n]l = 1. Then ||¢n| — 0 and hence

(A= 2)¢nll = llon + (zn — 2)Unll < llonll + 12 — 20| = 0
shows that 1, is a Weyl sequence. (]
Let us also note the following spectral mapping result.
Lemma 2.17. Suppose A is injective. Then

a(A7\{0} = (a(A)\{0}) . (2.89)
In addition, we have A = 2z if and only if A=Y = 271,

Proof. Suppose z € p(A)\{0}. Then we claim
Ra-1(z7Y) = —2AR,(2) = —2 — 22Ru(2).
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In fact, the right-hand side is a bounded operator from $ — Ran(4) =
D(AY) and

(A7 =271 (=24Ra(2))p = (2 + ARa(2)p = ¢, 9 € 9.
Conversely, if ¢ € D(A~!) = Ran(A), we have ) = Ap and hence
(—2ARA(2)) (A7 = 271 = ARA(2)((A = 2)p) = Ap = ¢.
Thus 2= € p(A~!). The rest follows after interchanging the roles of A and
AL O
Next, let us characterize the spectra of self-adjoint operators.

Theorem 2.18. Let A be symmetric. Then A is self-adjoint if and only if
oc(A) CR and (A—FE) >0, E € R, if and only if 0(A) C [E, 0). Moreover,
[Ra(2)[| < |[Tm(2)| ™" and, if (A= E) >0, [Ra(N)[| < A= B|"1, A< E.

Proof. If 0(A) C R, then Ran(A + z) = $, z € C\R, and hence A is
self-adjoint by Lemma 2.7. Conversely, if A is self-adjoint (resp. A > FE),
then R4(z) exists for z € C\R (resp. z € C\[E, 0)) and satisfies the given
estimates as has been shown in the proof of Lemma 2.7. O

In particular, we obtain (show this!)

Theorem 2.19. Let A be self-adjoint. Then

info(A) = ¢E©(jr)1,f”w“:1<1/), Av) (2.90)
and
supo(A) = sup (W, A). (2.91)

YED(A), [l[¥]=1
For the eigenvalues and corresponding eigenfunctions we have

Lemma 2.20. Let A be symmetric. Then all eigenvalues are real and eigen-
vectors corresponding to different eigenvalues are orthogonal.

Proof. If Ay; = A\jipj, j = 1,2, we have
M2 = (W1, M) = (b1, Ar) = (1, Ahr) = (Mibr, r) = i ||

and
()‘1 - )\2)<¢1,1/12> = <A¢17¢2> - <Aw13¢2> = 0,
finishing the proof. (]

The result does not imply that two linearly independent eigenfunctions
to the same eigenvalue are orthogonal. However, it is no restriction to
assume that they are since we can use Gram—Schmidt to find an orthonormal
basis for Ker(A — A). If § is finite dimensional, we can always find an
orthonormal basis of eigenvectors. In the infinite dimensional case this is
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no longer true in general. However, if there is an orthonormal basis of
eigenvectors, then A is essentially self-adjoint.

Theorem 2.21. Suppose A is a symmetric operator which has an orthonor-
mal basis of eigenfunctions {@;}. Then A is essentially self-adjoint. In
particular, it is essentially self-adjoint on span{p;}.

Proof. Consider the set of all finite linear combinations ¢ = Z?:o Cjp;
which is dense in . Then ¢ = >77_, %(pj € D(A) and (A+i)p =7
shows that Ran(A £1) is dense. O

Similarly, we can characterize the spectra of unitary operators. Recall
that a bijection U is called unitary if (U, Uy) = (1, U*Ur) = (1, ). Thus
U is unitary if and only if

Ur=u""t (2.92)

Theorem 2.22. Let U be unitary. Then o(U) C {z € C||z| = 1}. All
etgenvalues have modulus one and eigenvectors corresponding to different
eigenvalues are orthogonal.

Proof. Since ||U]| < 1, we have o(U) C {z € C||z| < 1}. Moreover, U !
is also unitary and hence o(U) C {z € C||z| > 1} by Lemma 2.17. If
Uyj = zj3pj, j = 1,2, we have
(21 — 22) (Y1, 9¥2) = (U1, 92) — (1, Uth2) = 0

since Ut = z1p implies U*y) = U~ lp = z71ap = 2*4). O
Problem 2.17. Suppose A is closed and B bounded:

e Show that 1+ B has a bounded inverse if || B|| < 1.

e Suppose A has a bounded inverse. Then so does A+ B if ||B|| <

A=~

Problem 2.18. What is the spectrum of an orthogonal projection?

Problem 2.19. Compute the resolvent of
Af=f,  D(4) ={f € H'[0,1]| f(0) = 0}
and show that unbounded operators can have empty spectrum.

Problem 2.20. Compute the eigenvalues and eigenvectors of A = -4

D(A) = {f € H*(0,7)|f(0) = f(n) = 0}. Compute the resolvent of A. “

Problem 2.21. Find a Weyl sequence for the self-adjoint operator A =
il D(A) = H*(R) for z € (0,00). What is o(A)? (Hint: Cut off the

dx2’
solutions of —u"(x) = zu(x) outside a finite ball.)



Ezample 2.4.10. Let P, dom P = H!(R), be the momentum operator on R dis-
cussed in Example 2.3.11. This operator has no eigenvalues; indeed, if A € R (recall
that its spectrum is real) satisfies

dy
(PY)(z) = —i—() = M(z), ¥ eH'(R),
then ¥(x) = ce’*, which belongs to L2(R) iff ¢ = 0; however, by “cutting off”
such v, it will be possible to determine the spectrum of P. It should be noted that
the “cutting off” that follows is a usual procedure.
Now fix A € R and let ¢(x) = (2/7?)1/46_”32; then 1 = ||¢||? = [; |¢(2)|? d.
For each n set )
_ = E AT
gn (:E) - \/ﬁgb (n) € )

which belongs to dom P and [|§,|| = 1. Since

1
P& — Aen|? = E/RW(t)]zdt

which vanishes as n — oco. Then (&,,) is a Weyl sequence for P at A\, and A € o(P).
Therefore, 0(P) = R and it has no eigenvalues.

Ezxample 2.4.11. Let ¢ : R — R, ¢(xz) = z be the position operator on R (see
Exercise 2.3.31; here an alternative solution to that exercise is discussed). If A € R,

for each n set \/_
. n —TLQ((L'—)\)Z
gn(aj) - 71_1/46 )

which belongs to dom M,, ||&,]|*> =1 and

1 2
— Xl = 2 e du,
o =Xl = === [
vanishes as n — oo, then (§,,) is a Weyl sequence for ¢ at A. Therefore, c(M,) =R
and it is easy to check that it has no eigenvalues.




