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Abstract. The role of mixed states in topological quantum matter is less known than
that of pure quantum states. Generalisations of topological phases appearing in pure
states have received attention in the literature only quite recently. In particular, it is
still unclear whether the generalisation of the Aharonov—Anandan phase for mixed states
due to Uhlmann plays any physical role in the behaviour of the quantum systems. We
analyse, from a general viewpoint, topological phases of mixed states and the robustness
of their invariance. In particular, we analyse the role of these phases in the behaviour of
systems with periodic symmetry and their evolution under the influence of an environment
preserving its crystalline symmetries.
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We dedicate this paper to the memory of George Sudarshan, with
gratitude for the many years of friendship and for sharing with us
his great insights in physics.

1. Introduction

Although the existence of topological phases of quantum theories is known
since a long time (see, e.g., [1] for a review and references therein), topo-
logical aspects of quantum matter have been intensively exploited only in
recent years. Topological phases are characterised in terms of topological in-
variants and some discrete symmetries such as time reversal invariance. The
robustness of the corresponding effects under perturbations follows from the
topological nature of the phenomena, especially under two kinds of disorder

1950012-1



M. Asorey, P. Facchi, and G. Marmo

perturbations: either generated by impurities or by small deformations of the
material. Most of the studies where formulated in terms of pure quantum
states. In this paper we analyse the relevance of such topological invariants
for mixed states of closed and open quantum systems, corresponding for ex-
ample to electrons in crystalline solids, either in isolated conditions or under
the effects of interaction with the environment.

2. Quantum States, Principal Fibre Bundles and Geometrical
Phases

According to Dirac, the simplest way to take into account interference phe-
nomena is to associate with every quantum system a Hilbert space H. The
evolution is ruled by the linear Schrédinger equation and solutions may be
“superposed”. Then the evolution of a quantum system can be considered as
a parallel transport of unitary operators acting on a bundle of Hilbert spaces
along the time axis with respect to a generalised connection associated with
the Hamiltonian operator [2]. If the Hamiltonian has a smooth dependence
on a family of parameters with a cyclic symmetry, an adiabatic evolution
of the system can develop a cyclic evolution of quantum states. Moreover,
the final state can have a phase different from that of the initial state. The
difference between these phases is known as Berry phase [3]. Such a phase
difference has one component which is dynamical, depending on the Hamilto-
nian, and another one which has a purely geometric origin. This component
goes often under the name of Aharonov—Anandan phase [4].

2.1. A FIBRE BUNDLE DESCRIPTION OF THE AHARONOV—ANANDAN PHASE

To avoid technicalities we shall restrict our considerations to finite dimen-
sional quantum systems. The Hilbert space is then % = CV, and we shall
denote by Ho = C)Y = CV \ {0} the space deprived of the zero vector. The
probabilistic interpretation of quantum mechanics requires that pure states
are rays of (Cév ; the space of rays is a differential manifold called the complex
projective space, and is denoted by CPV=!. As a matter of fact, (Cév is a Cy
principal fibre bundle whose action

22 =Xz, zeC) and\eCy, (1)

provides a space of orbits, the base of the bundle given by CPY~!. We shall
denote the bundle by

cy (CPN-1,Cy) (2)

PN—l

where the base space C and the Lie group Cy are specifically indicated.
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The Hermitian scalar product

(zlw) = > Ziw; (3)

M-

=1

among vectors of the Hilbert space C allows to define a Hermitian tensor
which coincides with the Hermitian product on TCV. In this manner we
consider the Hilbert space as a Hilbert manifold so that CV, (Cév and CPN-1
are all Hilbert manifolds. This twist from vector spaces to manifolds is the
content of the manifold (or geometrical) approach to quantum mechanics
[5,6,7].

From this geometric point of view, (Cév becomes a Riemann manifold
carrying a symplectic structure and a related complex structure.

They may be simply described in coordinates, with C)’ thought of as a
real differential manifold. The Hermitian tensor will be, for any z € C¥,

h = (dz|dz). (4)
If we use an orthonormal basis |e1),...,|en), we have
2) = Zlej) = (@7 +iy’)le;)
ldz) = d¥le;) = (da? +idy)le;), (5)

where we use Einstein notation for vector index contractions. By spelling
out (4) we find

h = (do? @ da? +dy? @ dy?) +i(da? A dy?), (6)

the real part is a Riemannian structure, the imaginary part is a symplectic
structure. The two structures define a complex structure

» 0 - 0
J =d' @ — —dy @ —. 7
! ® o Yy ® 57 (7)
The infinitesimal generators of the Cy action, the fundamental vector fields,
are
-0 .0 .o, .0
i ty Oyl v oyd O (8)

If, according to the probabilistic interpretation, we had to consider only quan-
tities which are “gauge invariant”, they should be invariant under the joint
action of A and I'. Clearly, for this to be the case, we should modify A by
means of a conformal factor, namely

1
(z]2)
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The connection form of the principal bundle is easily seen to be

B 1d(z|z) 1 rd(z|z)
A= dogTo s iTe 2J( Tal2) ) (10)
indeed
A(A) = A, AT) =T (11)
In coordinates we have
L) LAl pl?) _ edetydy
2 (z|2) 2 [zl + [yl )2 + [lyl? ’
1 rd(z|z) y-de —x-dy
() = e - 70 (12)
We find that d¢ = 0,
dy A dx (x-de+y-dy) A (y -de—x-dy)
dJ(¥) = - ;o (14)
|2 + [lyl? (] + llyl]?)?

which gives the curvature.
If we think of A in the spirit of the Kaluza—Klein theory, it is clear that
the pull-back of the metric tensor on CPY ! should be

1 (dz|z)(z|dz)
dz|dz) - ——————+, 15
EE A FE 15)
the second term being associated with the connection form, i.e.,
zlz) ® (=ld2) oy 4 9) @ J09) +i0 A J (). (16)

(z]2)?

This can be easily computed in coordinates, or in intrinsic terms by using
the properties of J, J? = —L.

It is also possible to consider the action of A and I' separately so that
we identify the quotient of C)) under dilations to be represented by the unit
sphere

SN — fzeCV |z =1} (17)

and T acts on the unit sphere S2V=1 to define a U(1)-principal bundle
SN (epNhu(n) . (18)
Now the connection one-form will simply be

A= —(z-dy—y-de), |z|°+|yll>=1. (19)

1950012-4



Topological Order, Mixed States and Open Systems

The symplectic structure on CPV ! represents the curvature of our connec-
tion. The second homotopy group of the projective space CPVN 1 is Z, i.e.,
7o(CPN~1) = Z. The first Chern number of the bundle (2) restricted to any

noncontractible compact submanifold ¥y € CPN~! is nontrivial, i.e.,
L [p 2o (20)
g = — .
! 2T Mo
Moreover,
1
— FM £ 00, 21
(27T)N /(CPNI ?é ( )

also showing that the bundle (18) is nontrivial.
2.2, UHLMANN PHASE

If we consider the projection from the unit sphere S?V =t = {2 ¢ CV : ||z| =
1} to the complex projective space, it is possible to define

r:CY — cpV!
o o 26
(z]2)

i.e., pure states are represented by rank-one projectors.

This representation is an embedding of the complex projective space in
the real vector space of Hermitian operators. This point of view is quite
convenient because Hermitian matrices are isomorphic to the vector space of
the Lie algebra u(N) of the unitary group U(N).

We can briefly review the previous arguments by means of this identifi-
cation. Remember that CPY~! is the manifold of rays of CV. At each point
p- € CPN~1 the vectors in the tangent space sz(CPN —1 arise from

= Pz, (22)

dUM)|z)(=U®)"
dt (z|z) t=0

= —i[K,pz] = X, K=K' XeT,CcP¥7!,

(23)
where U(t) = exp(—itK) is the unitary group generated by K. Thus K is
determined by X up to a matrix commuting with p,. However, this ambiguity
will not affect the definition of the symplectic structure we are going to give.

If p, = |2)(z] and w is a vector orthogonal to z, (z|w) = 0, we may write

K = i(lw)(z] - |2)(w]),
X = |w)z]+]|z)(wl. (24)

The connection one-form .4 may be used to define horizontal lifts of smooth
curves in CPY=L If 4y = {p(s) € CPN=1 : 5 € [s1,82],p(51) = p(s2)} C
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CPY~1 is a smooth parametrised closed curve in CPY~1, and v;, = {z(s) €
SEN=1 . 5 € [s1,89]} € SN~ is a horizontal lift of v to S?Y =1, then at each
point of v, we have

Ao (2(s) = —ilz(s)|2(s)) = 2Im(=z(s)|2(s)) = 0. (25)

This lift v, of v is not closed in general, as z(s1) and z(s2) may differ by
an element in U(1). This is the U(1) holonomy group element and gives the
geometric phase associated with ~:

arg(z(s1)[2(s2)) = — /2 dA, 95 =-, (26)

where ¥ ¢ CPN~! is any smooth two-dimensional surface with boundary
~. This geometric phase is the Aharonov—Anandan phase of pure quantum
states.

The bundle picture emerges very simply if we notice that given a fiducial
normalised vector z, such that |z)(z| = p,, then S?Y~! can be identified
with U(N)/U(N — 1), as U(N) acts transitively on all normalised vectors
and U(N — 1) is the isotropy group of z. By further modding out by U(1),
to go from z to p, = |z)(z|, we get the U(1)-bundle

U) U)

u@1) — UN-1)  UN-1xUQ)

(27)

What is remarkable is that not only U(V) acts on rank-one projections but
also its complexification GL(N, C). Indeed, for any vector z € (Cév , we have
T : z — Tz. To obtain a normalised vector we have to modify the action

into a nonlinear one
Tz

V(Tz|Tz)’

however, this action passes to the complex projective space according to

T:z — (28)

T|z){(z|TT = TpI"
(Tz|Tz) — tr(TpTt)"

(29)

Thus the complex projective space is also an orbit of SL(N,C). These re-
marks are useful when dealing with generic mixed states, not only pure states.

2.3. A BUNDLE PICTURE FOR THE UHLMANN PHASE OF MIXED STATES
In finite dimensions there are a few remarkable “coincidences”. Given the
complex Hilbert space CV, the space B((CN ) of linear operators is isomorphic

to CY ® CV* and may be considered itself a Hilbert space. B(CV) is a C*-
algebra, it carries a *-involution A +— AT, Every element M € B(C") may be

1950012-6



Topological Order, Mixed States and Open Systems

written uniquely as M = A+ iB , where A = A and B = B! are Hermitian
operators. B(CY) has a Lie algebra structure and corresponds to the Lie
algebra gl(N, C) of GL(V,C), the complexification of U(N). The Hermitian
scalar product on B(CY) given by the Hilbert-Schmidt product

(M1|Ms) = tr(M{Ms,) (30)

may be split into its real and imaginary part: tr(M;[ Ms + Mg M;)/2 and
—i tr(MlTMg - M2TM1)/2. It turns out that gl(NV,C) as a Lie algebra is sym-
plectomorphic to T*(u(N)), i.e., GL(V, C) is symplectomorphic to 7*(U(N)).

These various “coincidences” have been exploited to consider B(CV) as a
bundle space whose group is the unitary group and the base manifold is the
space of mixed states. The construction goes along the following lines. We
consider the projection

m:B(CY) — H,
M +—s MM, (31)

where H is the space of Hermitian positive operators. Each fibre is diffeo-
morphic to U(N), indeed MU and M give rise to the same positive operator

MUMU) = MM forall U e U(N). (32)

It may be convenient to consider also the projection M +— MTM, where the
fibre will be generated by the left action of the unitary group M — UM, so
that M — MTM = (UM)'UM.

If we “normalise” our projection, say

MMt
oM
4 tr(MMT)’ (33)

the image of this projection does coincide with the space of all mixed states.
Having defined the normalised projection by means of the right action, it
follows that the left action of GL(N,C) passes to the quotient. We have

TMMTTT
T+—TM Ao TMr—y ———— 4
7 tr(TMMITT) (34)

By introducing the polar decomposition M = ,/pU we find
MM = \/pUU'/p = p. (35)
The orbits generated by the action of GL(N,C), say

TpTt

(T )
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decompose the space of mixed states into strata, according to the rank of
p. Therefore, the total space is partitioned into IN-strata of orbits, the one
corresponding to rank-one operators M will give the complex-projective space
of pure states we have considered earlier. Except for the rank-one orbit,
the other orbits are not symplectic manifolds and turn out to be the union
of symplectic orbits with changing dimensions. This fact is related to the
circumstance that symplectic orbits are associated with the spectrum of the
mixed state, while the orbits of GL(N, C) are associated with the rank of the
state.

Taking into account the normalisation, it is immediate to notice that the
central subgroup of GL(N, C), generated by A, with A € Cy, acts trivially,
therefore the orbits are actually orbits of SL(N,C).

Let us now restrict ourselves to mixed states of maximal rank. They span
the main stratum, a dense subset, Dy € D of the space of all mixed states
D. In order to define a connection which generalizes the Aharonov—Anandan
connections we need to consider a principal U(NV)-bundle structure over Dy
[9-12].

Let us consider the submanifold GL¢(N,C) of GL(NV,C) given by the
matrices of unit Hilbert—-Schmidt norm, i.e., GLy(N,C) = {M € GL(N,C) :
(M|M) = 1}.

The right action of U(N) on GLy(N,C): A — AU defines a principal
fibre bundle over the space of mixed states of maximal rank Dy,

GLo(N, C)(Do, U(N)) - (37)

Following the definition of the metric in the case of pure states we can define
a metric in GLy(N,C) by

g(Ml,MQ) = Re(M1|M2>, (38)

associated with the Hilbert—Schmidt inner product (30). This metric can be
related to the Bures metric defined on the same space [13,17].

As in the case of pure states, the Riemannian metric structure (38) of
GLo(N, C) induces a connection on the bundle (37) given by the distribution
of horizontal spaces of Ty GLo(N, C) which are orthogonal to the U(N) fibres.
This connection is the Uhlmann connection [9—12]. The connection is defined
by the one-form Ay with values on the Lie algebra u(N) of U(N) which
vanish on the horizontal subspaces of T3 GLy(N, C). The explicit form of the
connection is more involved than that of the Aharonov-Anandan connection
for pure states, although can be derived from a quite simple analysis.

The space of horizontal vectors ThsGLo(N,C) is given by all vectors X
which satisfy

XM -MX = 0. (39)

1950012-8
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This is so, because any vector tangent to the fibres is of the form ¢M ¢, where
¢ is any N x N Hermitian matrix, and since g(X,iM¢) = 0, it follows that
Retr(iXTM¢) = 0. Since the equation holds for any Hermitian matrix ¢,
XM must be Hermitian, which implies (39).

In the same way it can be shown that the vertical vectors of Th;GLg (N, C)
which are tangent to the gauge fibres are of the form Y, = iM¢ and can be
identified with the solutions of

YIM+ MY, = 0. (40)

Therefore, the one form Ay characterising Uhlmann connection has to satisfy
the two conditions

Ap(X) = 0 and Ay(Yy) = ié. (41)
This implies that
AuMTM + MTMAy = MYAM — (dMT)M . (42)

Notice that from this relation it follows that Ay take values in u(N) and
vanish for horizontal tangent vectors.

This implicit formula can be made more explicit if we consider an or-
thonormal basis {|e;), j = 1,2,..., N} of CV which diagonalises the positive
definite matrix MTM,

M™Mlej) = cjlej) . (43)

In such a case
(e Au M M|ep)+(e;|MTM Ayler) = (e;|MTdM|er)—(e;|(AMT)M]ey) (44)
which implies, by setting M = UV MTM,

(ck +¢j)(ejlAuler) = (ej|MTdM|eg) — (e;|(dMT)M]ey) (45)
= (e;[[VMIM,dV MM |ex) + 2\/cicr(e;|UTAU e) ,

whence

(el ulery = (MM, AVATM Jje) (46)
Cr +Cj

The holonomy of this connection is the Uhlmann phase [9, 10].
2.4. REMARK

The bundle (37) which we have constructed over the space of maximal rank
mixed states is trivial, unlike the one we have constructed for pure states.

1950012-9
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Indeed the base manifold is contractible being diffeomorphic to a vector
space (this may be seen from the diffeomorphism GL(N,C) ~ T*U(N)). A
direct proof follows from the polar decomposition M = |/pU = VMM tU,
which allows to define a global section o : Dy — S2V~! € GLy(N, C) given
by o(p) = M, = /p [18].

Thus, all the characteristic classes of the bundle vanish. In particular, for
any n = 1,2,..., [(N2 — 1)/2], where the bracket denotes the integer part,

one gets
1
cn(Ay) = = [ tr{F(An)"*"} =0 47
o) = G [ (P = o0, (47)
for any closed 2n-dimensional submanifold $2" of Dj.

This result is quite remarkable because it is in contrast with what happens
for pure states, where the connection that generates the Aharanov—Ananadan
phase is topologically nontrivial, and the corresponding Chern class does not
vanish, whereas for mixed states the connection which generates the Uhlmann
phase has vanishing Chern classes.

Among the states which are of maximal rank there are thermal states:

e—H/T

T = W- (48)

Now, thermal states converge in the zero temperature limit to a pure state,
provided that the Hamiltonian H = H' has a non-degenerated ground state
|0), i.e.,
lim = [0)(0]. 49
lim pr = [0)(0) (49)

This leads to a surprising phenomenon: the emergence of topological order
in the zero temperature limit of thermal states. How the triviality of the
Uhlmann phase topology for any finite temperature can lead to the non-
trivial Aharonov-Anandan topology in the zero temperature limit [19—23]?
This is a well posed problem which deserves to be understood.

In order to find a framework, where the nontrivial topology can play a
role in the dynamics of mixed states it is convenient to exclude from the space
of mixed states the state of maximal entropy which corresponds to maximal
disorder .

P = N]I. (50)
This extra requirement might be physically motivated by the fact that Gibbs
thermal states pr (48) of nondegenerated Hamiltonians are only maximally
disordered at infinite temperature, i.e., pr (48) belongs to the main strata
of mixed states Dy for any finite temperature 7. Therefore, excluding such
singular states will be natural for generic thermal systems.
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In such case it is trivial to see that the corresponding space of physical
states D, = Do\{p«} acquires a nontrivial topology. In fact D, becomes
homeomorphic to SV =2 (0,1) which inherits the nontrivial topology of the
sphere S*V~1. However, the restriction of the bundle (37) to D,

GL.(N,C)(D,, U(N)), (51)

where GL,(N,C) = {M € GLy(N,C) : det M = 1/v/N} is again a trivial
bundle because the section o : D, — GL,(N,C) given by o(p) = \/p is a
global section in the new framework too.

For such a reason there have been many attempts to define new topolog-
ical invariants which extend the topological order to thermal states at finite
temperatures [19—29]. For instance, one proposal is to define the modified
Chern classes by weighting them with the density matrix, e.g.,

1

(Av) = /Z iRy (52)

Unfortunately this approach is not stable under small perturbations.

If we have a family of nonmaximally-disordered mixed states periodically
depending on N2 —2 parameters p(e1, €2, ..., €n2_s), there is a new possibility
for the introduction of new topological invariants by means of the winding

number
1 _ _
v = G [ {000 5

of the map p : TV -2 Dy. The winding number of the map p is a topo-
logical invariant which is stable under smooth perturbations. In particular,
it might survive in the zero temperature limit. This opens a new perspec-
tive in the analysis of topological matter at finite temperature, extending the
standard theory which has been formulated at zero temperature.

3. Topology and Floquet—Bloch Theorems

In order to analyse the extension of recent analyses of topological matter
to finite temperature and open dynamics let us consider the example of an
electron in a perfect crystal.

Electrons moving in the periodic potential of a perfect crystal split their
Hilbert space of quantum states on a bundle of Floquet—Bloch states over
a d-dimensional torus T¢. If we assume a cubic symmetry, the translation
symmetry group Z% is generated by the lattice of space translations T, = elp; |
Jj=1,2,...,d, where a is the crystal cell period and p; = —i0; the momentum
operator.

1950012-11
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The symmetry of the crystal implies that the Hamiltonian is invariant
under lattice translations

T;H = HT; or T;HT) =H. (54)

The Hilbert space can be decomposed as a direct sum (in fact, a direct
integral) of irreducible representations of Z%

" =P, (55)

eeTd

where € € T? is the label of the irreducible representation of Z, i.e.,
A€ 2m
Tize(r) = "9z (x), 0<¢ < — (56)

which defines the Brillouin zone of the crystal. Now, since the periodic Hamil-
tonian H of the system commutes with the symmetry group, it can be de-
composed into diagonal blocks labeled by the irreducible representations of

ze,
H = H.. (57)

ecTd

More precisely, the Floquet-Bloch decomposition defines a bundle over T¢
whose fibres are the Hilbert spaces H. defined by the states satisfying the
conditions (56), i.e.,

z(z +aej) = ez (2), (58)
where e; is the j-th vector of the canonical basis of R?. If there are N bands,
the Hilbert spaces H, are N-dimensional H. ~ C, and the bundle is a rank-
N bundle E(T¢,C"V). Pure states of the solid bands are sections of such a
bundle.

Now, if the bundle is nontrivial as in the two-dimensional (d = 2) in-
teger Hall effect, its nontrivial topology gives rise to interesting conduct-
ing/insulating properties characterised by topological invariants [30, 31].
These phenomena can be associated with the appearance of nontrivial phases
in periodic cycles of pure band states. The phases are not pure Aharanov—
Anandan phases because they are twisted by the dynamics induced by the
connection A of the bundle E. Using the Fourier—-Mukai transform [32, 33]
we can associate with A another connection A in the dual bundle £ (T2, C*)
with rank k, the first Chern number k = ¢;(E) of E, and with ¢;(E) =
N [32,33,31]. This duality transformation is the source of quantisation of
the Hall conductivity [30].

However, these topological arguments cannot be extended to the case of
mixed systems because if we consider mixed states which are invariant under
the Z? lattice symmetry,

Tip = pTj, (59)

1950012-12
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they can be decomposed as a sum of mixed states on the first Brillouin zone

T2
p =P (60)

€eT?

or in other terms as a section in the bundle of £(T?, H ) associated with
E by the adjoint representation of U(N), where H, denotes the space of
nonnegative Hermitian operators in CV. In such a case there is no phase
associated with p in periodic cycles of T2. However, the global map given by
the section p can have a nontrivial winding number given by

1 3 _
2 = o tr{p; dpe A Pe tdpe} (61)
™ JT2

where we assumed that p, is neither pure for any € nor maximally disordered,
i.e., det p. # 0 and p. # 1.

In such a case we can associate a nontrivial topology with the mixed
states with vo # 0, but the physical effects of such a property are unclear
because they cannot be related to the quantisation of Hall conductivity. In
fact, there exist topologically nontrivial mixed states even in the absence of
magnetic fields, i.e., when the bundle F is trivial.

4. Open Systems

The dynamics of open systems is governed by the GKLS equation [34, 35, 36]

N2-1
b= it o+ Y (KoKl — S{K[ K p)) (62)

i=1

where H = H' is the generator of the unitary part of the evolution, while
the jump operators K; yield decoherence and dissipation.

In the case of a particle in a periodic lattice one can generalise the anal-
ysis of the previous section, provided that, together with the Hamiltonian
invariance (54), one also has

LKT = K;. (63)

In such a case, all jump operators have a direct sum decomposition on the
first Brillouin zone, € € T2,

H=@H, K =K. (64)
e€Td ecTd
Moreover, since

TipT) = p, (65)
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one gets that the block decomposition (60) is preserved and the evolution of
each block is decoupled from the others, namely

N2-1

. . 1
Pe = _Z[He’pE] + Z <K€,ipeK5T,i - §{Kj,iK€7ivpe}) > (66)
i=1

for all e € T?.
Now, one can show that the winding number (61) is invariant under the
evolution of the open system, because

va(pe) = 0, (67)

whenever for any value of € the time evolution does not drive the system into
the maximally disorder state p, or into lower rank states.

The topological stability of an open system is essentially due to the conti-
nuity of dynamical evolution driven by the GKLS equation [37]. The analysis
and classification of topological transitions, where the winding number jumps
is an open interesting problem which deserves further study.

From the topological viewpoint the behaviour of the dynamics of open
systems is richer than that driven by the adiabatic evolution of thermal sys-
tems, where such a transition only occurs in the extreme limits of zero and
infinite temperature.
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