
Asymptotic Dynamics of Open Quantum 
Systems and Modular Theory 

Daniele Amato, Paolo Facchi, and Arturo Konderak 

1 Motivation 

The study of the dynamics of open quantum systems has received a strong boost by 
the recent developments in quantum technologies [57]. In particular, understanding 
and controlling the decoherence effects, arising from nontrivial interactions of 
the system under interest with its surroundings, are needed for achieving optimal 
performance in quantum computers [62]. 

Moreover, the asymptotic evolution of the system plays a crucial role in reservoir 
engineering [48, 56], e.g. in the preparation of a target quantum state by relaxation 
of a system properly coupled to the bath. In this context, as well as for information 
protection and processing tasks [60, 61], a one-dimensional attractor subspace, 
namely a unique steady state towards which the dynamics converges, is of little 
use for practical purposes. This has led many studies to focus on the asymptotic 
discrete-time evolution of open systems in a general setting, both for finite-
dimensional [2, 7, 18, 45, 46, 58, 59] and infinite-dimensional systems [11, 12, 30]. 

Also, the non-unitary continuous-time dynamics at large times was investigated 
in the literature of the last twenty years, see e.g. [1, 3, 6, 8, 26], with a particular 
attention to quantum dynamical semigroups [51], completely characterized in 
the two seminal papers [31, 40] from 1976. However, the strong interest in the 
study of the stationary states of quantum dynamical semigroups goes back to the 
seventies [27, 28, 51, 52], mainly motivated by the problem of irreversibility in 
quantum statistical mechanics [24, 37]. 
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This Article is organized as follows. After recalling some basic concepts about 
quantum channels (Sect. 2.1) and Tomita-Takesaki modular theory (Sect. 2.2), we 
will discuss a structure theorem (Theorem 1) by Perez-Garcia and Wolf [58, 59] 
for the attractor subspace and the action of the channel on this subspace. Then, in 
Sect. 3, we will present sufficient conditions (Theorem 2) and a characterization 
(Theorem 3) under which the asymptotic dynamics is unitary. Finally, in Sect. 4, 
we will study the connection between the structure theorem and modular theory, 
recently already explored in the continuous-time setting by Longo [41]. 

2 Preliminaries 

2.1 Quantum Channels 

In this Section we set up the notation and recall some known concepts about the 
dynamics of finite-dimensional open quantum systems. 

The state of an open quantum system is given by a density operator . ρ, i.e. 
a positive semidefinite operator of unit trace on . H, the system Hilbert space 
with dimension d. In the discrete-time point of view, usually adopted in quantum 
information theory [44], the evolution in the Schrödinger picture of an open 
quantum system in the unit time is described by a quantum channel . ", namely 
a completely positive trace-preserving map on .B(H) [35]. We will denote with 
.B(H,K) the space of bounded operators from the Hilbert space . H to the Hilbert 
space . K and, in particular, .B(H) = B(H,H). 

The adjoint map ."† of the channel . " is defined with respect to the Hilbert-
Schmidt scalar product .⟨·|·⟩HS as 

. ⟨A|"(B)⟩HS = ⟨"†(A)|B⟩HS, A,B ∈ B(H). (1) 

. "† is a completely positive unital map on .B(H) and describes the system dynamics 
in the Heisenberg picture, i.e. the evolution of the system observables. 

Coming back to the Schrödinger picture, if the system is prepared in the initial 
state .ρ(0), the evolved state .ρ(n) at time .t = n ∈ N will be given by . ρ(n) =
"n(ρ(0)). Consequently the system dynamics is described by a sequence of states 
.ρ(0), ρ(1), . . . , ρ(n), called a quantum Markov chain [45]. 

The spectrum .spect(") of a quantum channel . " has the following three major 
features [58] 

• .1 ∈ spect("), 
• .λ ∈ spect(") ⇒ λ̄ ∈ spect("), 
• .spect(") ⊆ {λ ∈ C | |λ| ≤ 1}.
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The asymptotic dynamics is obtained in the large n-limit and it ends inside the 
asymptotic, peripheral or attractor subspace of . ", defined as 

. Attr(") =
⊕

λ∈spectP (")

Ker(" − λ1), (2) 

i.e. the direct sum of the eigenspaces belonging to the peripheral eigenvalues 

.λ ∈ spectP (") = {λ ∈ spect(") | |λ| = 1}. (3) 

In particular, if . λ is a primitive M-th root of unity, then the corresponding 
eigenoperator satisfies 

."M(Y ) = Y, (4) 

and describes a limit cycle of length M . Clearly, the fixed points of . ", i.e. 

."(Y ) = Y (5) 

are (trivial) examples of limit cycles. On the other hand, the orbit of an eigenoperator 
Y associated with an eigenvalue . λ which is not a root of unity does not close and is 
almost periodic. 

Importantly, according to Proposition 6.9 of [58], if . P denotes the eigenprojec-
tion onto the fixed point space .Fix(") of . ", then 

.X ∈ Fix(") ⇒ supp(X),Ran(X) ⊆ supp(P(I)) ≡ H0, (6) 

where .supp(A), .Ran(A) stand for the support and the range of the operator A. 
Obviously, .P(I) is a maximum-rank fixed point of . ". 

Therefore, let us define ."̃ : B(H0) )→ B(H0) as 

."̃(X) = V †"(VXV †)V . (7) 

Here .V : H0 )→ H is an isometry satisfying .V †V = IH0
and .VV † = Q, the  

projection onto . H0. . "̃ can be shown to be a faithful quantum channel (Lemma 6.4 
of [58]), namely having a full rank fixed point. We have 

. Fix(") = 0 ⊕ Fix("̃), (8) 

with the zero block acting on the orthogonal complement .H⊥
0 of .H0 and, analo-

gously [2], 

. Attr(") = 0 ⊕ Attr("̃). (9)
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2.2 Tomita-Takesaki Modular Theory 

The modular theory by Tomita [55] and Takesaki [53, 54] was originally introduced 
to generalize integration and measure theory to non-Abelian algebras, but it turned 
out to be a fundamental and general tool in the algebraic description of quantum 
systems. For instance, it is used for .σ -finite von Neumann algebras where it plays 
an important role in the classification of factors [19, 20, 47]. Also, it is crucial 
in quantum statistical mechanics, as it associates with a faithful normal state a 
(modular) group of automorphisms over the algebra of observables. This establishes 
a connection with the Kubo-Martin-Schwinger (KMS) condition on equilibrium 
states [32, 39, 43]. In recent years, left Hilbert algebras and modular theory were 
employed to obtain the algebra generated by a groupoid in the Schwinger’s picture 
of quantum mechanics [15–17]. Incidentally, modular theory was also generalized 
to Jordan algebras, see [33]. 

We will give here a quick review of modular theory for finite-dimensional 
algebras. Let . M be a finite-dimensional .∗-algebra over a Hilbert space . H. By a  
well-known structure theorem [23, p. 74], the Hilbert space . H can be decomposed 
as 

.H = H⊥
0 ⊕

M⊕

k=1

Hk,1 ⊗ Hk,2, (10) 

so that the algebra . M decomposes as 

.M = 0 ⊕
M⊕

k=1

Mdk ⊗ Ik,2. (11) 

Here, .H⊥
0 represents the degeneracy of the algebra, .Mdk is the algebra of 

matrices over .Hk,1, with .dk = dimHk,1, .Ik,2 is the identity over the Hilbert space 
.Hk,2 and represents the multiplicity of the algebra .Mdk [25]. By Riesz lemma, every 
state . σ over the algebra . M [10] can be represented as a density matrix belonging to 
the algebra: 

.σ = 1
∑M

k=1 tr(σk)

(

0 ⊕
M⊕

k=1

σk ⊗ Ik,2
mk

)

∈ M, (12) 

with .mk = dimHk,2, so that .σ (A) = ⟨σ |A⟩HS = tr(σA). 
For faithful states .σk > 0, and an inner product can be defined on . M as 

. ⟨A|B⟩σ = tr(σA†B), (13) 

which makes .(M, ⟨ | ⟩σ ) a Hilbert space. In particular, on this Hilbert space it is 
possible to obtain a cyclic representation of the algebra . M [10, 29, 50].
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Starting from a faithful state . σ , Tomita-Takesaki modular theory allows to obtain 
a group of unitary automorphisms on the algebra 

.A )→ %−itA%it , t ∈ R, A ∈ M. (14) 

The operator .% : M → M is self-adjoint with respect to the inner product .⟨ | ⟩σ , 
and it is obtained via the polar decomposition of the map .S : A )→ A†. In the  
non-degenerate case (.H⊥

0 = 0), the modular group takes the simple form 

.A )→ σ−itAσ it , (15) 

with .σ > 0 (this can be easily generalized to the degenerate case by taking the 
maximum-rank state .σ = 0 ⊕ σ̃ , with .σ̃ > 0). Note that the unitary operator . σ it is 
in the algebra . M. 

Conversely, starting from a one-parameter group of unitary automorphisms on 
the algebra . M, one can obtain the equilibrium thermal state via a KMS condition [39, 
43]. In particular, the equilibrium thermal state corresponding to the dynamics (15) 
depends on a parameter .β ∈ R and it is in the form 

.σβ = 1
Z
e−βH = 1

tr(σβ)
σβ . (16) 

Here, .H = − log σ is the generator of the unitary evolution . σ it . Obviously, the 
faithful state . σ in (12) corresponds to the choice .β = 1. 

2.3 Structure Theorem 

The finer structure for .Attr(") and the action of a quantum channel . " on such 
subspace, i.e. of the peripheral map ."P = "|Attr(") is given in the following 
theorem by Perez-Garcia and Wolf (Theorem 8 of [59]). 

Theorem 1 Let . " be a quantum channel and . P the eigenprojection onto its fixed 
point space .Fix("). 

1. There exists a decomposition 

.Cd = H⊥
0 ⊕

M⊕

k=1

Hk,1 ⊗ Hk,2, (17)
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with .H0 = supp(P(I)) and some Hilbert spaces .Hk,i with .k = 1, . . . ,M and 
.i = 1, 2, and positive definite density matrices . ρk on .Hk,2 such that 

. Attr(") = 0 ⊕
M⊕

k=1

Mdk ⊗ ρk, (18) 

with .dk = dim(Hk,1), namely .X ∈ Attr(") may be represented as 

.X = 0 ⊕
M⊕

k=1

xk ⊗ ρk, (19) 

for some matrices .xk ∈ Mdk ; 
2. There exist unitary matrices .Uk on .Hk,1 and a permutation . π acting on 

.{1, . . . ,M} such that 

."(X) = 0 ⊕
M⊕

k=1

Ukxπ(k)U
†
k ⊗ ρk, X ∈ Attr("). (20) 

Remark 4 Each cycle of the permutation . π must act on matrices . xk of the 
same order, consistently with the fact that .Attr(") is an invariant subspace for . "
(Proposition 6.12 of [58]), i.e. 

."(Attr(")) = Attr("). (21) 

Remark 5 In the faithful case we have that .dim(H⊥
0 ) = 0 and the zero factor 

in (18) disappears. Furthermore, it turns out that .Attr("†) is a unital .∗-algebra 
(Theorem 1 of [11]) with the following structure [23] 

. Attr("†) =
M⊕

k=1

Mdk ⊗ Ik,2, (22) 

i.e. (11) without the zero first block. In the language of [9], .Attr(") is a distorted 
algebra, in the sense that it is an algebra under the star product 

.A ⋆ B := APP (I)
−1B ∈ Attr("), A,B ∈ Attr("), (23) 

where .PP denotes the spectral projection onto .Attr("). See also [4, 14] for the  
contracted algebra of a dissipative quantum system.
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Remark 6 More generally, Theorem 1 is valid for Schwarz maps [58, 59], namely 
positive trace-preserving maps obeying to the operator inequality 

."†(A†)"†(A) ! "†(A†A), A ∈ B(H). (24) 

3 Unitary asymptotic dynamics 

One of the most intriguing features of Theorem 1 is the occurrence of permutations 
in the asymptotic action (20) of . ", which makes the peripheral map . "P , i.e. the 
asymptotic dynamics, not generally unitary. Thus one may ask about the conditions 
on . " under which the map ."P is unitary. Two sufficient conditions are provided in 
the following Theorem [5]. 

Theorem 2 Given a quantum channel . " with corresponding peripheral map . "P , 
then 

1. If ." = eL, with . L being a GKLS generator [31, 40] (Markovian channel), then 
."P (X) = UXU†, with U unitary, 

2. If ."2 = " (idempotent channel), then ."P (X) = UXU†, with U unitary. 

The proof, which may be found in [5], is based on a characterization of the absence 
of permutations in the structure of the asymptotic map. 

Remark 7 The first sufficient condition is in line with the asymptotics of quantum 
dynamical semigroups [3]. 

Remark 8 Note that both conditions are not necessary, since a Markovian channel 
is invertible (as a linear map), while an idempotent channel, different from the 
identity, is not. 

Trivially, the peripheral channel ."P is unitary when there are no permutations in 
the action (20). Indeed, as we will show in Sect. 4, in such a case the dynamics is 
obtained from the modular group corresponding to a faithful fixed state. 

Now, we will provide a characterization for the unitarity of the asymptotic 
dynamics . "P . 

Theorem 3 Let . " be a quantum channel with attractor subspace .Attr(") of the 
form (18) and peripheral map . "P . 

Then 

."P (X) = UXU†, with X ∈ Attr("), (25)
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for some unitary operator U on . H, iff .ρk ∼ ρπ(k), namely 

.ρk = Vkρπ(k)V
†
k , (26) 

for some unitaries .Vk : Hπ(k),2 → Hk,2. 

Proof Besides being necessary, one can easily show that this condition is also 
sufficient. Indeed, if . " is faithful, then we can define the operator .U : H0 → H0 as 

.U :
M⊕

k=1

φk ⊗ ψk )→
M⊕

k=1

Ukφπ(k) ⊗ Vkψπ(k), (27) 

and its extension to . H0 follows by linearity. It is easy to see that this is indeed unitary 
on . H0, and it can be extended on the whole . H as .I0 ⊕ U . Moreover, it satisfies the 
condition stated in Theorem 3. ⊓⊔

Observe that condition (26) holds for unital quantum channels, i.e. ."(I) = I, 
Indeed, a unital quantum channel satisfies conditions .ρk = Ik,2/mk and . mk = mπ(k)

for all .k = 1, . . . ,M . Moreover, unitality also ensures Hilbert-Schmidt unitarity, 
that is 

.∥"(X)∥HS = ∥X∥HS, X ∈ Attr("). (28) 

As a final remark, it is possible to show [5] that every map defined on a set in the 
form (18), and acting as (20) can be extended to a quantum channel over . B(H). This  
can be interpreted as the inverse of structure theorem 1. 

4 Asymptotic Dynamics and Modular Theory 

In this Section, we are going to study the relation between the asymptotic dynamics 
of a quantum channel and Tomita-Takesaki modular theory. In particular, we want to 
find the conditions under which the asymptotic dynamics ."P can be obtained from 
the modular evolution group (15) associated with an equilibrium state. In doing 
this, we will use the structure theorem 1, and we will write the modular group 
corresponding to fixed states. 

Let us assume that the quantum channel . " is faithful. We could drop this 
requirement simply by considering the reduced channel . "̃ defined in Eq. (7). 

We start by considering a particular situation, in which the permutation in 
Eq. (20) has only one cycle, i.e., up to a relabeling, it is in the form 

.π(j) = j + 1 mod M. (29)
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A state . σ in the attractor space .Attr(") in (18) will be a fixed point whenever its 
components . σj satisfy the equation 

.σj = Ujσj+1U
†
j mod M, 1 ! j ! M. (30) 

By setting .V1 = U1U2 . . . UM , Eq. (30) reads 

. σ1 = V1σ1V
†
1 ,

σj = U†
j−1 · · ·U

†
1 σ1U1 · · ·Uj−1, 2 ! j ! M, (31) 

so that the fixed points have . σ1 in the commutant 

.{V1}′ = {A ∈ Md1 | [A,V1] = 0}, (32) 

of . V1, where .[·, ·] stands for the commutator. Writing the spectral decomposition of 
. V1

.V1 =
n∑

j=1

eiθj P
(1)
j , θj ∈ R, (33) 

we have .σ1 = ∑n
j=1 P

(1)
j σ1P

(1)
j . We make another requirement, namely . σ1 being 

in the bicommutant .{V1}′′ ⊂ {V1}′. In this way, it will be a function of . V1 in the 
form 

.σ1 =
n∑

j=1

λjP
(1)
j . (34) 

The other components . σk will have a similar structure 

.σk = U
†
k−1 · · ·U

†
1 σ1U1 · · ·Uk−1 =

n∑

j=1

λjP
(k)
j , (35) 

with .P (k)
j = U†

k−1 · · ·U
†
1P

(1)
j U1 · · ·Uk−1. 

Note that we can also apply Tomita-Takesaki modular theory to the space 
.Attr("), being it a von Neumann algebra with respect to a modified product (see 
Remark 5). In the Schrödinger picture, the unitary evolution (15) generated by . σ
via the modular theory is 

.X )→ σ itXσ−it , X ∈ Attr(") (36)
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with 

.σ it =
M⊕

k=1

σ it
k ⊗ ρit

k =
M⊕

k=1

⎛

⎝
n∑

j=1

eit log λj P
(k)
j

⎞

⎠ ⊗ ρit
k . (37) 

We see that the permutation disappears, and the evolution turns out to be unitary. 
By setting .λj = eθj , we see that the evolution for .t = 1 is just 

.σ iXσ−i = "V (X), X ∈ Attr(") (38) 

where ."V is the map 

."V (X) =
M⊕

k=1

VkXkV
†
k ⊗ ρk, X ∈ Attr(") (39) 

with 

.Vk = UkUk+1 · · ·UMU1 · · ·Uk−1 = U†
k−1 · · ·U

†
1V1U1 · · ·Uk−1. (40) 

Note that the map ."V is just ."M
P , the peripheral evolution repeated over a 

complete cycle. The generalization to a permutation with more cycles can be 
obtained in a similar way. Indeed, the corresponding Tomita-Takesaki evolution 
turns out to be the M-th power of the asymptotic map . "P , with M being the least 
common multiple of the lengths of the cycles of the permutation. In particular, this 
corresponds to the asymptotic evolution if and only if there are no permutations. 

5 Conclusions and Outlooks 

In this Article, we gave further insights into the asymptotics of finite-dimensional 
open quantum systems, whose study has been strongly motivated by quantum 
information protection and processing [9, 60, 61]. Theorem 1, giving the structure 
of the attractor subspace and the action of the channel on it, reveals two important 
facts. 

First, up to a zero block in the non-faithful case, the attractor subspace is a .∗-
algebra with respect to the modified product (5). 

Second, in the structure of the asymptotic map, partial permutations between the 
factors in the decomposition (18) may occur according to (20), making the dynamics 
at large times no longer unitary. 

The occurrence of permutations also explains how the asymptotic evolution 
cannot always be regarded as the modular dynamics on the attractor subspace 
associated with a fixed state, as shown in Sect. 4. More precisely, Tomita-Takesaki
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evolution is the (unitary) peripheral map of the M-times iterated dynamics, with M 
denoting the least common multiple of the lengths of the cycles of the permutation. 
This unveils a connection between permutations and the divisibility of the quantum 
channel which generates the dynamics under consideration, deserving further 
studies in the future [5]. 

Also, as already illustrated in the faithful case by Novotný, Maryška, and 
Jex [46], the asymptotic evolution may not be a Hilbert-Schmidt unitary but it is 
still unitary with respect to a modified scalar product. In other words, the peripheral 
map is not generally unitary because of permutations, but it can be shown to be 
unitary in a weaker sense. 

Another open problem could be the connection between eventually and asymp-
totically entanglement breaking maps [38, 49] and the (non-)unitarity of the 
asymptotic map [34]. Entanglement breaking maps [36] have turned out to be a 
central topic in the theory of quantum information, specifically in entanglement 
transferring [21, 22]. In particular, many efforts have been devoted to the proof of the 
PPT square conjecture [13], recently achieved in the finite-dimensional case [42]. 
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