DFTT-04/91 February 1991

A GEOMETRIC REGULARIZATION PROCEDURE FOR THE CURVATURE OF COSMOLOGICAL BACKGROUNDS *

M.GASPERINI

Dipartimento di Fisica Teorica dell’Università, Via P.Giuria 1, 10125 Torino, Italy, and Istituto Nazionale di Fisica Nucleare, Sezione di Torino

ABSTRACT A formal procedure is presented, which can regularize a given cosmological metric by avoiding the occurrence of curvatures and densities larger than the Planck ones. The method is applied, in particular, to power-law and super inflationary backgrounds and it is shown that, in both cases, the regularized metric describes a smooth evolution from (or towards) an asymptotic de Sitter phase of constant maximal curvature.

* Talk given at the Workshop ”Advances in Theoretical Physics” (Vietri, October 1990). To appear in the Proceedings (World Scientific, Singapore).

A GEOMETRIC REGULARIZATION PROCEDURE FOR THE CURVATURE OF COSMOLOGICAL BACKGROUNDS

M.GASPERINI

Dipartimento di Fisica Teorica dell’Università, Via P.Giuria 1, 10125 Torino, Italy, and Istituto Nazionale di Fisica Nucleare, Sezione di Torino

ABSTRACT A formal procedure is presented, which can regularize a given cosmological metric by avoiding the occurrence of curvatures and densities larger than the Planck ones. The method is applied, in particular, to power-law and super inflationary backgrounds and it is shown that, in both cases, the regularized metric describes a smooth evolution from (or towards) an asymptotic de Sitter phase of constant maximal curvature.

1.Introduction According to the standard model, the universe is gravitationally dominated by a perfect fluid source with dust-like or radiation-like equation of state, and the cosmological evolution should start from an initial phase characterized by an infinite (or arbitrarily high) value of the density and of the background curvature.

It is true that, in order to explain the present homogeneity of the cosmic microwave radiation, and to avoid fine-tuning problems with the initial conditions, the validity of the standard model cannot be indefinitely extended backward in time. It seems very likely, in particular, that the present decelerated expansion should be replaced, at early enough times, by an inflationary (i.e. accelerated) time evolution. Even in this case, however, the occurrence of a singular phase with an infinitely large curvature cannot be excluded (unless inflation is exactly of the de Sitter type, and correspond then to a maximally symmetric manifold of constant, finite curvature).

In this talk I want to present a possible geometric procedure for regularizing the curvature of the early universe, based on the embedding of the given singular geometry into a larger, curved manifold whose coordinates are positions and velocities. I shall call it ”phase-spacetime” [1]. According to such procedure, the regularized geometry that one obtains always coincides, asymptotically, with a de Sitter phase of maximal constant curvature, whose radius represents the only free parameter of the whole formalism. By fixing, in particular, this radius equal to the Planck length one can thus avoid the occurrence of energy densities larger than the Planck one.

2. Maximal curvature and maximal acceleration My starting point is the observation that the problem of limiting the curvature of a given background is equivalent to the problem of limiting the relative accelerations between two points of an elementary extended object minimally coupled to that background.

Suppose indeed that there are no interactions other than gravity, so that the given object is free falling. Different points of the object will fall, however, along different geodesics. If z^μ is the (spacelike) separation vector between two points, their relative acceleration, according to the equation of geodesic deviation [2], is then a^μ = −R_{ναβ}^μz^ν u^αu^β (1)

(u^μ is the velocity vector, z_μu^μ = 0). For a given, finite proper distance |z| > 0, the proper strength of this relative acceleration depends only on the components of the background curvature tensor, R_{μναβ}, and then it diverges if and only if the curvature diverges.

In order to impose a bound on the curvature let me recall, therefore, that there is a simple way to impose over spacetime a causal structure in which proper accelerations are limited [1]. Suppose in fact that the spacetime V_4, with coordinates ξ^μ and metric g_{μν} (ξ), is a four-dimensional hypersurface locally embedded in a eight-dimensional manifold M_8, whose coordinates X^A are the relativistic positions and velocity four-vectors:

X^A = (x^μ, λu^μ) , u^μ = dx^μ/ds (2)

where ds = (dx^μdx_μ)^{1/2}, and λ is a constant length required for dimensional homogeneity (conventions: μν = 1, ..4 ; A, B = 1, ...8 ; h̄ = c = 1).

In this context the usual relativistic invariant ds is to be replaced by a more general invariant interval, which I shall call ds̃, representing the infinitesimal distance in M_8. By taking for M_8 the metric g_{AB} = g_{μν} N g_{μν} , the generalized invariant becomes

ds̃^2 = g_{AB}dX^AdX^B = g_{μν} (dx^μdx^ν + λ^2du^μdu^ν) (3)

Along any path, defined by a given x^μ(s) and u^μ(s), we have ds̃^2 = ds^2(1−λ^2|a|^2), where |a|^2 = |du^μ/ds|^2. The imposition of a causal structure over M_8, ds̃^2 > 0, thus implies that proper accelerations must be bounded, |a| < λ�^1.

Let me note that the introduction of the generalized invariant (3) was first proposed by Das [3] and, independently, by Caianiello [4], who was the first to point out the existence of a ”maximal proper acceleration”, λ�^1, as a consequence of this geometric structure. Henceforth I shall assume that the minimal length λ determining the maximal allowed acceleration coincides with the Planck length, λ = L_p, in agreement with previous suggestions [5] (for other possible choices see, however, ref.[1]).

I should mention that there are many important motivations for generalizing in this way the spacetime geometry [1], such as the possibility of obtaining a geometric interpretation of the position- momentum commutation rules of quantum mechanics. Some of these motivations, investigated by Marmo, de Filippo, Vilasi, Feoli, Guz, Brandt and others [1], have been already discussed, in their previous talks, by Caianiello and Scarpetta. For the purpose of my talk I will only note that the embeddding of V_4 into M_8, defined by the eight parametric equations

x^μ = x^μ(ξ) , u^μ = u^μ(ξ) (4)

induces locally over spacetime, according to eq.(3), a generalized metric g̃ such that ds̃^2 = g̃_{μν} dξ^μdξ^ν, where

g̃_{μν} = g_{αβ}( ∂x^α ∂ξ^μ ∂x^β ∂ξ^ν + L^2_p ∂u^α ∂ξ^μ ∂u^β ∂ξ^ν ) (5)

This metric depends both on the coordinates ξ^μ chosen to parametrize V_4, and on the velocity field defined on it. Different fields define different embeddings [1]. In particular, I shall call ”geodesic” the embedding if u^μ is a geodesic velocity field [6]. The main purpose of this paper is to show that the geodesic embedding of a cosmological metric (g) into M_8 may provide, according to eq.(5), a modified metric g̃ which is regularized, in the sense that its curvature cannot exceed the limit fixed by the Planck length.

3.Geodesic embedding of an inflationary metric into ”phase-spacetime” I shall consider, for simplicity, an explicit example in which the given cosmological background V_4 is conformally flat. In the conformal parametrization ξ^μ = (η, ⃗x) its metric is given by g_{μν}(ξ) = diag R^2(η)(1, −1, −1, −1) (6) where R is the usual Friedman-Robertson-Walker scale factor, and η is the conformal time, related to the cosmic time coordinate t by R = dt/dη. By choosing the co-moving geodesic field

u^μ(ξ) = (R�^1, 0, 0, 0) (7)

the embedding procedure defined previously leads to a generalized metric which, written in terms of the original scale factor R(η), takes the form

g̃_{μν} (ξ) = diag R^2(1 + L^2_p R02 R^4 , −1, −1, −1) (8) (a prime denotes differentiation with respect to η, a dot with respect to t).

This new metric has, at least, two interesting properties. First of all, its curvature is regularized. This can be explicitly verified by considering the following scalar quantity, S = −(g_{μν} R^{μν} )/12, proportional to the trace of the Ricci tensor. For the old metric one has S = R00 2R^3 (9) while, for the new metric, this scalar can be expressed as

S̃ = S + L^{2p}H^4 (1 + L^2_pH^2)^2

(10)

where H = R0/R^2 ≡ Ṙ/R denotes the usual Hubble parameter.

Supposing that the time evolution of the early universe corresponds to an accelerated expansion, I shall consider, in particular, the case in which the original metric is of the inflationary type (the regularization of a standard, decelerated expansion is discussed in Ref. [6]). The asymptotic behaviour of the scale factor near the singularity can thus parametrized, in the cosmic time gauge, by R(t) = (t/t_0)^α, where t_0 is a reference value fixing a convenient unit of time. This scale factor describes a power-law inflationary phase (R̈ > 0, Ḣ < 0) for α > 1, t > 0, t_0 > 0, and a phase of super-inflation (R̈ > 0, Ḣ > 0) for α < 0, t < 0 and t_0 < 0.

In both cases the scalar curvature S(t) of eq.(9) diverges like t�^2 as t → 0. For the new metric, on the contrary, S̃(t) approaches the limiting value L�^2_p when t → 0, as can be easily verified by using the explicit expression

S̃(t) = 1 (1 + L^2_p^{α2}_{t2} )^2 ( 2α^2 − α 2t^2

+ L^2_p α^4 t^4

) (11)

Quite independently of the value of α, the Planck curvature is then the maximum allowed curvature for the regularized metric (8). The behaviour of the scalar curvature S(t) and S̃(t) (in units of L�^2_p ), as a function of the cosmic time, are shown in Fig.1 for two cases of power-law inflation, corresponding to α = 2 and α = 3. Dashed curves correspond to the curvature S of the original geometry before the embedding, solid curves refer to the curvature S̃ of the regularized geometry, after the embedding. The same is shown in Fig.2, for two cases of super-inflation corresponding to α = −1 and α = −2.

The other important property of the metric (8) that I want to stress is the fact that the regularized geometry always tends to coincide, asymptotically, with a de Sitter manifold of minimal radius L_p. In other words, the phase of maximal curvature corresponds necessarily to a maximally symmetric phase of constant curvature, quite independently of the particular form of the metric before the embedding.

This property can be easily verified in the comoving frame of the regularized geometry, by exploiting the relation between the cosmic time and the conformal time η of the ”old” metric, that is dt dη = (R^2 + L^2_p R02 R^2

)^{1/2} (11)

(following from the definition (8)). Consider, in fact, the regime in which the embedding corrections become dominant, namely the regime in which the size of the event horizon ∼ H�^1, is much smaller than L_p, HL_p >> 1. In this limit one gets from eq.(11) the relation L_p(Ṙ/R) = 1, which defines just the scale factor for a de Sitter manifold of radius H�^1 = L_p = const, corresponding to a cosmological constant Λ = 3/L^2_p.

This important property of the regularized geometry is clearly displayed in the following two pictures, where I have plotted the behaviour of the scale factors, as a function of time, before and after the embedding. The scale factor for the regularized metric, R̃, is obtained by integrating eq.(11), after inserting the explicit expression of the original metric, R = (t/t_0)^α. One thus obtains that R̃, in the cosmic time gauge, is defined implicitly through the relation t = q_{α2L2p + t20R̃2/α + α2 Lpln(} qα2L2_p + t2_0R̃2/α − αL_p q_{α2L2p + t20R̃2/α + αLp} ) (12)

Note that at large values of R̃^{2/α} one recovers the original metric, i.e. R̃ → R. At small enough values of R̃^{2/α}, on the contrary, eq.(12) provides the expected de Sitter behaviour, i.e. t = const + lnR̃.

Fig.3 shows the modification of the scale factors in two cases of power-law inflation, α = 2 and α = 3. In both cases the regularized geometries (solid curves) clearly converge, for R̃ → 0, to a de Sitter phase of exponential expansion (represented in the plot by a dotted line). The same is shown in Fig.4, for two super- inflationary backgrounds corresponding to α = −1 and α = −2. The only difference, in the case of super-inflation, is that the de Sitter phase is approached in the large R̃ limit.

At small curvature (where the embedding corrections are negligible) eq. (12) provides, as already noted, the original scale factor. The regularized metric (8) describes then a smooth evolution of the given geometry from, or towards, a de Sitter manifold of minimal size L_p, depending on if the initial geometry is, respectively, of the power-law (Ḣ < 0) or of the super (Ḣ > 0) inflationary type.

In any case, it is important to stress that the maximal curvature of the asymptotic de Sitter phase cannot be exceeded even if one starts with a geometry which, before the embedding, is already of the de Sitter type, and is characterized by a cosmological constant larger than 3/L^2_p.

Suppose to start, indeed, with the metric

ds^2 = 3 Λη^2

(dη^2 − d⃗x^2) (13)

describing (in the conformal gauge) a de Sitter manifold with arbitrarily large value of Λ. After the embedding the regularized metric (8), written again in a conformally flat form by means of a new conformal coordinate η̃, is given by

ds̃^2 =

3 + L^2_pΛ Λη̃^2

(dη̃^2 − d⃗x^2) (14)

The geometry is still of the de Sitter type, but with a new cosmological constant

Λ̃ = 3Λ 3 + L^2_pΛ

(15) which is bounded, Λ̃ ≤ 3/L^2_p, even if Λ → ∞. After the embedding, therefore, the curvature of the regularized de Sitter geometry is always smaller than the Planck limit, and Λ_M = 3/L^2_p is the maximum allowed cosmological constant.

4. Summary and conclusion The embedding of spacetime into the eight-dimensional phase-spacetime provides a formal procedure to regularize the cosmological models of the early universe. This procedure leads, automatically, to a modified metric (eq.(8)) characterized by a maximum allowed curvature, S ≤ 1/L^2_p (see Fig.1,2), and a maximum allowed cosmological constant, Λ ≤ 3/L^2_p. (For cosmological applications I have fixed at the Planck scale the length representing the only free parameter of this procedure , see Section 2).

The singular phase of infinite density (and infinite curvature) is smoothed out and replaced by a phase of exponential inflation, i.e. by a de Sitter manifold of minimal size H�^1 = L_p. This de Sitter manifold is approached asymptotically in the large R limit (i.e. at the end of the evolution, see Fig.4) if the regularized background is of the super-inflationary type (Ḣ > 0), and in the small R limit (i.e. at the beginning of the evolution, see Fig.3) if the regularized background is power-law inflating (Ḣ < 0).

In both cases the regularizing procedure (i.e. the embedding into phasespacetime) has a deflationary effect, in the sense of Ref.[7], since the regularized metric always describes a smooth evolution from a higher to a lower level of accelerated expansion.

Deflationary metrics, on the other hand, seem to be typical of string- driven cosmology [7], and then of phases dominated by the contribution of finite size objects. This may suggest that the embedding I have presented, more than a formal procedure, could be regarded also as an effective model for the perturbations induced by extended objects (of size ∼ L_p) on the background geometry, and arising when the curvature scale is comparable to (or smaller than) their proper size. I hope to discuss this possibility in future works.

Acknowledgements.

I wish to thank E.R.Caianiello and G.Scarpetta for many helpful discussions and for the kind hospitality received at the Dipartimento di Fisica Teorica dell’Universita’ di Salerno. I am very grateful also to R.Ugoccioni for his precious advice in the preparation of the figures plotted in this paper.

References 1. See the contributions of E.R.Caianiello and G.Scarpetta in these Proceedings.

See also:

M.Gasperini and G.Scarpetta, in Proc of the Fifth Marcel Grossmann Meeting, ed. by D.G.Blair and M.J.Buckingham (World Scientific, Singapore, 1989);

E.R.Caianiello, A.Feoli, M.Gasperini and G.Scarpetta, Int.J.Theor.Phys. 29,131(1990);

E.R.Caianiello, M.Gasperini and G.Scarpetta, Il Nuovo Cimento B105, 259(1990);

and references therein.

2. See for example C.W.Misner, K.S.Thorne and J.A.Wheeler, Gravitation (W.H.Freeman and C., San Francisco,1973), Chapt.11 3. A.Das, J.Math.Phys.21,1506(1980) 4. E.R.Caianiello, Lett.Nuovo Cimento 32,65(1981) 5. E.Brandt, Nucl.Phys.B6 (Proc.Suppl.)367(1989);

M.Toller, Int.J.Theor.Phys.29,963(1990); M.Gasperini, Astrophys.Space Sci.138,387(1987); and references therein.

6. E.R.Caianiello, M.Gasperini and G.Scarpetta, Class. Quantum Grav.8 (1991) (in press) 7. J.D.Barrow, Nucl.Phys.B310,743(1988)