DFTT-45/91

CAUSAL HORIZONS, ACCELERATIONS AND STRINGS *

M.GASPERINI

Dipartimento di Fisica Teorica dell’Università, Via P.Giuria 1, 10125 Torino, Italy, and Istituto Nazionale di Fisica Nucleare, Sezione di Torino

ABSTRACT All the points of a string are always causally connected provided their relative acceleration is smaller than the critical value a_c = (mα^′)^{−1}, where m is the mass and 1/α^′ the string tension. It is pointed out that this limiting acceleration characterizes the transition to an unstable regime, in which an approximate description of the string motion around the classical path of a point particle is no longer consistent.

To appear in Gen.Rel.Grav.

* Essay written for the 1991 Gravity Research Foundation Essay Competition, and awarded with Honorable Mention

Causal horizons, accelerations and strings.

It is well known, in the context of classical relativity, that for any massive extended object there is a critical value of the acceleration, determined by the size of the object itself and by the causal structure of the space-time manifold [1].

Consider, for example, a one-dimensional object of proper length λ, and suppose that one of its ends has a positive acceleration of constant proper strength a, with respect to the other end. A Rindler horizon will appear at a proper distance a^{−1} from the accelerated extremity, so that all the parts of the object may be causally connected only if λ < a^{−1}. This fixes a maximum allowed proper acceleration, a < a_c = λ^{−1}.

This boundary value obviously grows as λ decreases. However, it may be interesting to note that the maximum acceleration classically compatible with causality is finite even in the limit of a point-like object. In this limit, in fact, the proper size λ of the object becomes smaller than the ”gravitational size” fixed by the Schwarzschild radius r_s = 2GM, so that the gravitational effects are no longer negligible. For a point-like gravitational source, on the other hand, there is a critical value of the proper acceleration, a_c ≃ r^{−1}_s (up to a numerical factor of order unity), above which the Schwarzschild and Rindler horizon intersect, and a naked singularity is formed [2].

Causality breakdowns (which may occur in the field of a naked singularity) are thus in general avoided provided one requires, by combining the two bounds, that a ≤ Min{λ^{−1}, r^{−1}_s }. It is worth noting that, if the mass of the object is inversely proportional to the extension, M ≃ λ^{−1}, this bound can be written in the suggestive form (measuring accelerations in units of Planck masses M_p = L^{−1}_p ) a M_p ≤ Min{ L_p λ , λ L_p } (1)

The Planck mass, for Planck-sized objects, is in this case the maximum allowed acceleration, in agreement with previous suggestions by various authors [3-7].

The above arguments relating critical acceleration and size are formulated in the context of classical relativity theory, and apply to the case of classical extended objects. In practice, however, the accelerations needed to produce the birth of a causal horizon at a distance comparable with the size of the object can be conceived only at a microscopic level, and then in the quantum regime (conceived, but not certainly achieved, up to now at least, in a terrestrial laboratory: the LEP accelerations, for example, correspond to horizons at a distance of about 10^9 Compton lengths from the accelerated particle [8]).

In a quantum context, the simplest extended object is a string. One is led, therefore, to wonder about the effects of accelerations on strings. Does it exist, at least in principle, a critical acceleration for strings like in the case of macroscopic extended bodies? and if it exists, how does it manifest itself? An answer to these questions could be useful to understand the interactions of strings with gravity.

The main purpose of this paper is to point out that the maximal size of a string, fixed by the string tension, seems just to define a critical acceleration, in the sense that when two ends of a string become causally disconnected because of the horizon associated to their relative acceleration, the string starts to become unstable [9]. In other words, above the critical acceleration determined by the inverse of the string’s length, the string enters on a regime in which the oscillation modes develop imaginary frequencies [10], and the expansion of the solution to the string equations around the classical motion of a point particle turns out to break down [11], so that a different approximation scheme around a non-oscillating asymptotic configuration is required [12].

In order to display this effect, we have to couple a string to some accelerating external field. The simplest possibility to induce relative accelerations among the various parts of a string seems that of embedding the string into a curved background manifold. In the absence of interactions other than gravity, indeed, the string will be free falling. Different points, however, will fall along different geodesics, and if we consider the local free falling frame of one point (A) of the string, we find in this frame that another point (B), at a proper distance λ, has a non-vanishing local acceleration with respect to A given by the equation of geodesic deviation [13] a^μ = −R_{ναβ}^μz^ν u^αu^β (2)

Here z^μ denotes the AB space-like separation vector, z^μz_μ = −λ^2, u^μ is the geodesic velocity field, u^μu_μ = 1, u^μz_μ = 0, and R_{μναβ} is the curvature tensor of the background manifold.

This acceleration defines, locally, a causal horizon [1] at a proper distance d = (−a^μa_μ)^{−1/2} ≡ |a|^{−1} from the accelerated point B. Of course, two points may become causally disconnected by such horizon, when d < λ, only if the relative acceleration (2) is positive (if, on the contrary, the acceleration of B points towards A, the two world-lines are always inside the causal horizon). This means, in other words, that in order to induce a causal separation the external field has to be repulsive along the AB direction. We may thus consider, as a simple example, an inflationary expanding cosmological background, spatially flat, which is described (in the cosmic time gauge) by the metric

g_{μν} = diag(1, −R^2(t)δ_{ij} ) (3)

where R̈ > 0, and a dot denotes differentiation with respect to cosmic time (other examples of repulsive configurations in gravitational backgrounds are considered in Ref.[9]).

In this background the relative acceleration (2) is always positive and, for two co-moving geodesics (u^μ = δ^μ_0 ) with proper space- like separation |z|, it is given by |a| = |z| R̈ R (4)

On the other hand, the maximal allowed separation between two points on a string of mass m (and string tension (α^′)^{−1}) is fixed by the string ”maximal size”, mα^′. The whole string will be always causally connected (d > mα^′ ≥ |z|), therefore, provided the relative acceleration (4) satisfies the bound |a| < a_c = (mα^′)^{−1}, namely [9] (mα^′)^2 R̈ R < 1 (5) Remarkably, this is exactly the consistency condition required for the validity of an approximate description of the string motion, as an expansion around the classical geodesic evolution of its center of mass [11]. The string equations, in the gauge in which the world-sheet metric is conformally flat, can be written indeed

X^μ + Γ_{αβ}^μ(X)∂_+X^α∂_−X^β = 0 (6)

where ≡ ∂^2_τ − ∂^2_σ, ∂_± = ∂_τ ± ∂σ (σ and τ are the world-sheet space and time variables), and Γ(X) is the Christoffel connection for the metric (3) (see Ref.[11] for a discussion of the fact that this is not a candidate string vacuum). By expanding the exact solution around a co-moving geodesic q^μ(τ ), i.e. by putting X^μ(σ, τ ) = q^μ(τ ) + η^μ(σ, τ ) , q^μ = mα^′τ δ^μ_0 , |η| << |q| (7) and defining a ”proper amplitude”, χ^i = Rη^i, for the spatial components of the first order perturbations, one then finds that the n-th Fourier components χ_n satisfy the linearized equation [11]

χ̈^i_n + ( n^2 m^2α^{′2} − R̈ R ) χ^i_n = 0 (8)

Therefore, as soon as the bound (5) is not satisfied, i.e. the relative acceleration between two ends of the string is large enough to make them causally disconnected, the string oscillators may develop imaginary frequencies. The approximation (7) is no longer valid as the perturbations start growing in time, and the whole string approaches asymptotically an unstable configuration in which proper amplitudes inflate like the scale factor R(t), while co-moving amplitudes become ”frozen” [11,12]. We can thus interpret (mα^′)^{−1} as the limiting acceleration signalling the transition between two different string regimes (stable and unstable), characterized, respectively, by oscillating and non-oscillating behaviour.

The same interpretation has been shown to apply also to the case of different gravitational backgrounds [9]. It is important to stress, moreover, that the existence of this limiting acceleration is not a peculiar feature of the gravitational interaction only. Indeed, in the case of a string with charge ±q on its ends, coupled to a background electric field E, it has been shown [14] that instability (i.e. negative frequencies) emerge for E > (qα^′)^{−1}. Since, in this case, a = qE/m, again one finds that the stable regime corresponds to accelerations smaller than the causal bound, a < a_c = (mα^′)^{−1} (a similar conclusion, but with a slightly different value for the limiting acceleration a_c, has been independently obtained also in the context of a different model of accelerated string in flat space [15]).

Finally, as a conclusive remark, it may be interesting to point out that, in the context of a realistic string unification theory, the string Schwarzschild radius r_s ≃ (m/M^2_p ) should be always smaller than the maximal size mα^′. As a consequence, the formation of naked singularities corresponding to accelerated configurations with a Rindler horizon smaller than r_s [2] may become possible, at least in principle, only after a transition to the unstable regime.

Acknowledgements.

It is a pleasure to acknowledge many helpful and exciting discussions on maximal acceleration and extended objects with E.R.Caianiello and G.Scarpetta, and on string instability with N.Sánchez and G.Veneziano.

References 1. See for example C.W.Misner, K.S.Thorn and J.A.Wheeler, Gravitation (W.H.Freeman and Company, San Francisco 1973) Chap.6 2. H.Farhoosh and R.L.Zimmerman, Phys.Rev.D21,317(1980) 3. E.R.Caianiello, Lett.Nuovo Cimento 32,65(1981) 4. H.E.Brandt, in Proc. of the XIII Int.Coll. on Group Theoretical Methods in Physics, ed. by W.W.Zachary (World Scientific, Singapore, 1984) p.519 5. M.Gasperini, Astrophys.Space Sci.138,387(1987) 6. M.Toller, Int.J.Theor.Phys.29,963(1990) 7. E.R.Caianiello, M.Gasperini and G.Scarpetta, Class. Quantum Grav.

8,659(1991) 8. J.S.Bell and J.M.Leinaas, Nucl.Phys.B212,131(1983) 9. M.Gasperini, Phys.Lett.258B,70(1991) 10. H.J.De Vega and N.Sánchez, Phys.Lett.197B,320(1987) 11. N.Sánchez and G.Veneziano, Nucl.Phys.B333,253(1990) 12. M.Gasperini, N.Sánchez and G.Veneziano, Int.J.Mod.Phys.A6, 3853 (1991) 13. Ref.[1], Chapt.11 14. C.P.Burgess, Nucl.Phys.B294,427(1987) 15. V.P.Frolov and N.Sánchez, Instability of accelerated strings and the problem of limiting acceleration, DEMIRM Preprint N.90068/1990 (to appear in Nucl.Phys.B)