
5 QED Scattering Processes

In this chapter, we apply the Feynman rules of quantum electrodynamics to compute
cross sections for fundamental scattering processes. These calculations illustrate
the power and elegance of the diagrammatic approach developed by Feynman, and
provide quantitative predictions that have been tested to extraordinary precision.

5.1 Overview of QED processes

The QED interaction vertex

The fundamental interaction in QED is the coupling of a photon to a charged
fermion.

Charge conventions. We adopt the following conventions throughout these notes:

• The symbol 𝑒 denotes the positron charge, a positive quantity: 𝑒 > 0.
Numerically, 𝑒 ≃ 0.303 in natural units, or equivalently 𝑒 =

√
4𝜋𝛼 with

𝛼 ≃ 1/137.
• The electron carries charge −𝑒 and the positron carries charge +𝑒.
• Similarly, 𝜇− has charge −𝑒 and 𝜇+ has charge +𝑒.

The QED Lagrangian. For a Dirac fermion field 𝜓 with electric charge 𝑞, the
QED Lagrangian is:

ℒQED = 𝜓̄(𝑖𝛾𝜇𝐷𝜇 −𝑚)𝜓−
1
4
𝐹𝜇𝜈𝐹

𝜇𝜈 , (5.1)

where 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 is the electromagnetic field strength tensor and 𝐷𝜇 is the
gauge-covariant derivative.

Box 5.1 Sign conventions in QED: a systematic treatment

There are two independent convention choices that are often confused:

1. Whether the symbol 𝑒 denotes the positive magnitude (𝑒 > 0) or the
signed electron charge (𝑒 < 0).

2. Whether the covariant derivative is written with +𝑖𝑞 or −𝑖𝑞 in front of
the gauge field.
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152 5.1 Overview of QED processes

The fundamental starting point: interaction energy. For a static point
charge 𝑞 in an external electrostatic potential 𝜙(®𝑥), the potential energy is:

𝑉 = 𝑞 𝜙(®𝑥) . (5.2)

Since 𝐿 =𝑇 −𝑉 , the interaction Lagrangian is 𝐿int = −𝑉 = −𝑞𝜙. In field theory
with the Dirac current 𝑗 𝜇 = 𝜓̄𝛾𝜇𝜓 (the probability/number current, without the
charge factor), the covariant generalization is:

ℒint = −𝑞 𝑗 𝜇𝐴𝜇 = −𝑞 𝜓̄𝛾𝜇𝜓 𝐴𝜇 . (5.3)

Mnemonic: Potential energy is +𝑞𝜙, so Lagrangian interaction is −𝑞𝜙. This
pins down ℒint = −𝑞 𝑗 𝜇𝐴𝜇.
Covariant derivative conventions. Two common conventions exist for
implementing gauge invariance:
Convention A (used in these notes, consistent with energy argument):

𝐷𝜇 = 𝜕𝜇 + 𝑖𝑞 𝐴𝜇 , (5.4)

with gauge transformations 𝜓→ 𝑒−𝑖𝑞𝛼(𝑥)𝜓 and 𝐴𝜇→ 𝐴𝜇 + 𝜕𝜇𝛼.
Expanding the Dirac Lagrangian:

𝜓̄(𝑖𝛾𝜇𝐷𝜇 −𝑚)𝜓 = 𝜓̄(𝑖 /𝜕−𝑚)𝜓+ 𝜓̄(𝑖𝛾𝜇 · 𝑖𝑞𝐴𝜇)𝜓
= 𝜓̄(𝑖 /𝜕−𝑚)𝜓− 𝑞 𝜓̄𝛾𝜇𝜓 𝐴𝜇 . (5.5)

Hence:

ℒint = −𝑞 𝜓̄𝛾𝜇𝜓 𝐴𝜇 (Convention A) . (5.6)

This matches exactly the energy-based derivation eq. (5.3).
Convention B (used in some texts):

𝐷𝜇 = 𝜕𝜇 − 𝑖𝑞 𝐴𝜇 . (5.7)

This gives ℒint = +𝑞 𝜓̄𝛾𝜇𝜓 𝐴𝜇, with opposite sign.
Key point: The sign is a convention; physics is unchanged. If you switch from
A to B, you can compensate by 𝑞→−𝑞 or 𝐴𝜇→−𝐴𝜇.
Our convention: electron charge 𝑞𝑒 = −𝑒 with 𝑒 > 0. We define:

• 𝑒 > 0 is the magnitude of the electron charge (the positron charge)
• The electron has charge 𝑞𝑒 = −𝑒 < 0
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• The positron has charge 𝑞𝑒+ = +𝑒 > 0

With Convention A and 𝑞 = −𝑒 for the electron:

𝐷𝜇 = 𝜕𝜇 + 𝑖(−𝑒)𝐴𝜇 = 𝜕𝜇 − 𝑖𝑒 𝐴𝜇 , (5.8)

ℒint = +𝑒 𝜓̄𝛾𝜇𝜓 𝐴𝜇 , 𝑒 > 0, 𝑞𝑒 = −𝑒 . (5.9)

From Lagrangian to Feynman rule. The 𝑆-matrix expansion is:

𝑆 = 𝑇 exp
(
𝑖

∫
𝑑4𝑥ℒint(𝑥)

)
. (5.10)

The vertex factor is obtained by: take 𝑖 times the coefficient of 𝐴𝜇𝜓̄𝜓 in ℒint,
attach 𝛾𝜇.
From eq. (5.6) with charge 𝑞:

vertex = 𝑖× (−𝑞) ×𝛾𝜇 = −𝑖𝑞 𝛾𝜇 . (5.11)

For the electron (𝑞 = −𝑒):

vertex = −𝑖(−𝑒)𝛾𝜇 = +𝑖𝑒 𝛾𝜇 (our convention) . (5.12)

Memory rule: Vertex = 𝑖× (coefficient of 𝐴𝜇𝜓̄𝜓 in ℒint) ×𝛾𝜇.
Comparison with other textbooks. Different books package the same physics
differently. The key is: what is ℒint and hence the vertex?

Text 𝐷𝐷𝐷𝜇𝜇𝜇 ℒℒℒint Vertex

These notes 𝜕𝜇 + 𝑖𝑞𝐴𝜇 −𝑞𝜓̄𝛾𝜇𝜓𝐴𝜇 −𝑖𝑞𝛾𝜇
(with 𝑞𝑒 = −𝑒) = 𝜕𝜇 − 𝑖𝑒𝐴𝜇 = +𝑒𝜓̄𝛾𝜇𝜓𝐴𝜇 = +𝑖𝑒𝛾𝜇

Peskin–Schroeder [6] 𝜕𝜇 + 𝑖𝑒𝐴𝜇 −𝑒𝜓̄𝛾𝜇𝜓𝐴𝜇 −𝑖𝑒𝛾𝜇
Greiner et al. [13] 𝜕𝜇 + 𝑖𝑒𝐴𝜇 −𝑒𝜓̄𝛾𝜇𝜓𝐴𝜇 −𝑖𝑒𝛾𝜇
Bjorken–Drell [10] 𝜕𝜇 + 𝑖𝑒𝐴𝜇 −𝑒𝜓̄𝛾𝜇𝜓𝐴𝜇 −𝑖𝑒𝛾𝜇

Mandl–Shaw [1] 𝜕𝜇 − 𝑖𝑒𝐴𝜇 +𝑒𝜓̄𝛾𝜇𝜓𝐴𝜇 +𝑖𝑒𝛾𝜇

Note: Peskin–Schroeder [6] write 𝐷𝜇 = 𝜕𝜇 + 𝑖𝑒𝐴𝜇 and ℒint = −𝑒𝜓̄𝛾𝜇𝜓𝐴𝜇,
with 𝑒 > 0 denoting the magnitude of the electron charge. This is a different
sign convention from the one adopted in these notes, but it describes the same
physics once used consistently. Our convention (and Mandl–Shaw’s [1]) is
directly consistent with the energy argument.
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Feynman rule for the vertex. From eq. (5.9), the Feynman rule for the electron-
photon vertex is:

𝑒−(𝑝) 𝑒−(𝑝′)

𝐴𝜇 (𝑘)

+𝑖𝑒𝛾𝜇

The Feynman rule is +𝑖𝑒𝛾𝜇 for electrons and muons (charge 𝑞 = −𝑒), with
momentum conservation 𝑝+ 𝑘 = 𝑝′ at the vertex. For a general fermion of charge
𝑞, the vertex is −𝑖𝑞𝛾𝜇.

Classification of tree-level processes

QED processes can be classified according to the number and type of external
particles. At tree level (lowest order in 𝛼 = 𝑒2/4𝜋), the fundamental 2→ 2 scattering
processes are:

Process Name Channel
𝑒−𝑒−→ 𝑒−𝑒− Møller scattering 𝑡, 𝑢
𝑒+𝑒−→ 𝑒+𝑒− Bhabha scattering 𝑠, 𝑡
𝑒+𝑒−→ 𝜇+𝜇− Muon pair production 𝑠

𝑒+𝑒−→ 𝛾𝛾 Pair annihilation 𝑡, 𝑢
𝑒−𝛾→ 𝑒−𝛾 Compton scattering 𝑠, 𝑢
𝑒−𝑝→ 𝑒−𝑝 Electron-proton scattering 𝑡

The “channel” indicates which Mandelstam variable (𝑠, 𝑡, or 𝑢) appears in the
propagator denominator, corresponding to different physical mechanisms:

• 𝑠-channel: particle-antiparticle annihilation into a virtual particle
• 𝑡-channel: exchange of a virtual particle between the two scattering particles
• 𝑢-channel: like 𝑡-channel but with crossed final-state particles

Feynman diagrams for classic QED processes

Møller scattering (𝑒−𝑒−→ 𝑒−𝑒−)

Two electrons scatter via photon exchange. There are two diagrams at tree level (the
𝑢-channel diagram accounts for the indistinguishability of the final-state electrons):



5.1 Overview of QED processes 155

𝑡-channel
𝑒−(𝑝1)

𝑒−(𝑝2)

𝑒−(𝑝′1)

𝑒−(𝑝′2)

𝛾

𝑢-channel
𝑒−(𝑝1)

𝑒−(𝑝2)

𝑒−(𝑝′2)

𝑒−(𝑝′1)

𝛾

Bhabha scattering (𝑒+𝑒−→ 𝑒+𝑒−)

Electron-positron elastic scattering proceeds via both annihilation (𝑠-channel) and
exchange (𝑡-channel):

𝑠-channel

𝑒−(𝑝1)

𝑒+(𝑝2)

𝑒−(𝑝′1)

𝑒+(𝑝′2)

𝛾∗

𝑡-channel
𝑒−(𝑝1)

𝑒+(𝑝2)

𝑒−(𝑝′1)

𝑒+(𝑝′2)

𝛾

Compton scattering (𝑒−𝛾→ 𝑒−𝛾)

The scattering of a photon by an electron involves two diagrams:

𝑠-channel

𝑒−(𝑝)

𝛾(𝑘)

𝑒−(𝑝′)

𝛾(𝑘′)

𝑢-channel

𝑒−(𝑝)

𝛾(𝑘)

𝑒−(𝑝′)

𝛾(𝑘′)

Pair annihilation (𝑒+𝑒−→ 𝛾𝛾)

An electron-positron pair annihilates into two photons:

𝑡-channel

𝑒−(𝑝1)

𝑒+(𝑝2)

𝛾(𝑘1)

𝛾(𝑘2)

𝑢-channel

𝑒−(𝑝1)

𝑒+(𝑝2) 𝛾(𝑘2)

𝛾(𝑘1)
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Remark. [Crossing symmetry] These processes are related by crossing symmetry:
replacing an incoming particle with an outgoing antiparticle (or vice versa)
transforms one process into another. For example, 𝑒+𝑒−→ 𝛾𝛾 is the crossed
version of Compton scattering 𝑒−𝛾→ 𝑒−𝛾.

5.2 Muon pair production: 𝑒+𝑒−→ 𝜇+𝜇−

We now present a detailed calculation of the cross section for the process 𝑒+𝑒−→
𝜇+𝜇−. This is one of the cleanest QED processes to analyze because: (i) only the
𝑠-channel contributes at tree level, since QED contains no vertex that converts an
electron into a muon; (ii) it provides a “standard candle” for measuring luminosity at
𝑒+𝑒− colliders; (iii) the theoretical prediction agrees with experiment to remarkable
precision.

Kinematics and Feynman diagram. Consider the process:

𝑒−(𝑝1) + 𝑒+(𝑝2) → 𝜇−(𝑝′1) + 𝜇
+(𝑝′2) . (5.13)

At tree level, the only contributing diagram is the 𝑠-channel annihilation through a
virtual photon:

𝑒− (𝑝1)

𝑒+(𝑝2)

𝜇− (𝑝′1)

𝜇+(𝑝′2)

𝛾∗
+𝑖𝑒𝛾𝜈 +𝑖𝑒𝛾𝜇

−𝑖𝑔𝜇𝜈
𝑘2

Scattering amplitude. Applying the Feynman rules, the scattering amplitude is:

𝑖M = 𝑢̄(𝑝′1, 𝑠
′
1) (+𝑖𝑒𝛾

𝜇)v(𝑝′2, 𝑠
′
2) ·
−𝑖𝑔𝜇𝜈
𝑘2

· v̄(𝑝2, 𝑠2) (+𝑖𝑒𝛾𝜈)𝑢(𝑝1, 𝑠1) . (5.14)

Simplifying (note that (+𝑖𝑒)2 = −𝑒2):

M =
𝑒2

𝑘2

[
𝑢̄(𝑝′1)𝛾𝜈v(𝑝

′
2)

] [
v̄(𝑝2)𝛾𝜈𝑢(𝑝1)

]
(5.15)
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where 𝑘 = 𝑝1+ 𝑝2 = 𝑝
′
1+ 𝑝

′
2 is the four-momentum of the virtual photon, and 𝑘2 = 𝑠

is the center-of-mass energy squared.

BD normalization factors. In the BD convention each external fermion field
contributes a factor

√︁
𝑚/𝐸 from the mode expansion (3.25). For this process there

are four external fermions, so the BD amplitude carries an overall factor

NBD =

√︄
𝑚2
𝑒𝑚

2
𝜇

𝐸1𝐸2𝐸
′
1𝐸
′
2
. (5.16)

As explained in Section 1.1, this factor combines with the
∏(2𝑚𝑖) = (2𝑚𝑒)2(2𝑚𝜇)2

in the BD cross section formula (3.55) and the 1/(2𝑚)2 from the BD spin
sums (3.58), and all mass factors cancel in the final cross section. In the spin sums
below we work with the BD completeness relations; the 1/(2𝑚)2 prefactors are
carried explicitly through the leptonic tensors until the cancellation is shown at the
level of the cross section.

Spin-averaged amplitude squared. For unpolarized beams, we average over initial
spins (factor 1

4) and sum over final spins:

|M|2 ≡ 1
4

∑︁
spins
|M|2 . (5.17)

From eq. (5.15), we have:

M =
𝑒2

𝑠

[
𝑢̄𝜇 (𝑝′1)𝛾𝜈v𝜇 (𝑝

′
2)

] [
v̄𝑒 (𝑝2)𝛾𝜈𝑢𝑒 (𝑝1)

]
, (5.18)

where we suppress spin labels for clarity and used 𝑘2 = 𝑠. The complex conjugate
is:

M∗ = 𝑒2

𝑠

[
v̄𝜇 (𝑝′2)𝛾𝜌𝑢𝜇 (𝑝

′
1)

] [
𝑢̄𝑒 (𝑝1)𝛾𝜌v𝑒 (𝑝2)

]
, (5.19)

where we used (𝜓̄1𝛾𝜈𝜓2)∗ = 𝜓̄2𝛾𝜈𝜓1.
The amplitude squared is therefore:

|M|2 =MM∗

=
𝑒4

𝑠2

[
𝑢̄𝜇 (𝑝′1)𝛾𝜈v𝜇 (𝑝

′
2)

] [
v̄𝑒 (𝑝2)𝛾𝜈𝑢𝑒 (𝑝1)

]
×

[
v̄𝜇 (𝑝′2)𝛾𝜌𝑢𝜇 (𝑝

′
1)

] [
𝑢̄𝑒 (𝑝1)𝛾𝜌v𝑒 (𝑝2)

]
. (5.20)

From spinor products to traces. To perform the spin sums, we use the complete-
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ness relations appropriate to the BD normalization:∑︁
𝑠

𝑢𝜎 (𝑝, 𝑠)𝑢̄𝜏 (𝑝, 𝑠) =
(/𝑝+𝑚)𝜎𝜏

2𝑚
(5.21)

∑︁
𝑠

v𝜎 (𝑝, 𝑠)v̄𝜏 (𝑝, 𝑠) =
(/𝑝−𝑚)𝜎𝜏

2𝑚
, (5.22)

where 𝜎,𝜏 are spinor indices. These 1/(2𝑚) factors can be carried explicitly or
absorbed into external-state normalizations; below we keep them explicit.

We now show in detail how the spin sum converts the product of spinor bilinears
into traces. Consider first the muon sector. We can write the spinor bilinears with
explicit spinor indices:[

𝑢̄𝜇 (𝑝′1)𝛾𝜈v𝜇 (𝑝
′
2)

]
= 𝑢̄𝜇,𝜎 (𝑝′1) (𝛾𝜈)𝜎

𝜏 v𝜇,𝜏 (𝑝′2) (5.23)[
v̄𝜇 (𝑝′2)𝛾𝜌𝑢𝜇 (𝑝

′
1)

]
= v̄𝜇,𝜉 (𝑝′2) (𝛾𝜌)𝜉

𝜁 𝑢𝜇,𝜁 (𝑝′1) . (5.24)
Their product, summed over muon spins 𝑠′1 and 𝑠′2, is:∑︁
𝑠′1,𝑠
′
2

[
𝑢̄𝜇 (𝑝′1)𝛾𝜈v𝜇 (𝑝

′
2)

] [
v̄𝜇 (𝑝′2)𝛾𝜌𝑢𝜇 (𝑝

′
1)

]
=

∑︁
𝑠′1,𝑠
′
2

𝑢̄𝜇,𝜎 (𝑝′1) (𝛾𝜈)𝜎
𝜏 v𝜇,𝜏 (𝑝′2) v̄𝜇,𝜉 (𝑝

′
2) (𝛾𝜌)𝜉

𝜁 𝑢𝜇,𝜁 (𝑝′1)

= (𝛾𝜈)𝜎𝜏 (𝛾𝜌)𝜉 𝜁
∑︁
𝑠′2

v𝜇,𝜏 (𝑝′2)v̄𝜇,𝜉 (𝑝
′
2)

∑︁
𝑠′1

𝑢𝜇,𝜁 (𝑝′1)𝑢̄𝜇,𝜎 (𝑝
′
1) . (5.25)

Using the completeness relations:∑︁
𝑠′2

v𝜇,𝜏 (𝑝′2)v̄𝜇,𝜉 (𝑝
′
2) =
(/𝑝′2−𝑚𝜇)𝜏𝜉

2𝑚𝜇

(5.26)

∑︁
𝑠′1

𝑢𝜇,𝜁 (𝑝′1)𝑢̄𝜇,𝜎 (𝑝
′
1) =
(/𝑝′1+𝑚𝜇)𝜁𝜎

2𝑚𝜇

. (5.27)

Substituting:∑︁
𝑠′1,𝑠
′
2

[
𝑢̄𝜇 (𝑝′1)𝛾𝜈v𝜇 (𝑝

′
2)

] [
v̄𝜇 (𝑝′2)𝛾𝜌𝑢𝜇 (𝑝

′
1)

]
=

1
(2𝑚𝜇)2

(𝛾𝜈)𝜎𝜏 (/𝑝′2−𝑚𝜇)𝜏𝜉 (𝛾𝜌)𝜉 𝜁 (/𝑝′1+𝑚𝜇)𝜁𝜎

=
1

(2𝑚𝜇)2
[
(/𝑝′1+𝑚𝜇)𝛾𝜈 (/𝑝′2−𝑚𝜇)𝛾𝜌

]
𝜎𝜎

=
1

(2𝑚𝜇)2
Tr

[
(/𝑝′1+𝑚𝜇)𝛾𝜈 (/𝑝′2−𝑚𝜇)𝛾𝜌

]
, (5.28)
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where in the last step we recognized the sum over the repeated index 𝜎 as a trace.
By exactly the same procedure for the electron sector:∑︁
𝑠1,𝑠2

[
v̄𝑒 (𝑝2)𝛾𝜈𝑢𝑒 (𝑝1)

] [
𝑢̄𝑒 (𝑝1)𝛾𝜌v𝑒 (𝑝2)

]
=

1
(2𝑚𝑒)2

Tr
[
(/𝑝2−𝑚𝑒)𝛾

𝜈 (/𝑝1+𝑚𝑒)𝛾
𝜌
]
. (5.29)

Therefore, the spin-averaged amplitude squared is:

|M|2 = 𝑒4

4𝑠2 𝐿
(𝜇)
𝜈𝜌 · 𝐿 (𝑒)𝜈𝜌 , (5.30)

where we define the leptonic tensors (retaining the BD normalization factors):

𝐿
(𝜇)
𝜈𝜌 ≡

1
(2𝑚𝜇)2

Tr
[
(/𝑝′1+𝑚𝜇)𝛾𝜈 (/𝑝′2−𝑚𝜇)𝛾𝜌

]
, (5.31)

𝐿 (𝑒)𝜈𝜌 ≡ 1
(2𝑚𝑒)2

Tr
[
(/𝑝2−𝑚𝑒)𝛾

𝜈 (/𝑝1+𝑚𝑒)𝛾
𝜌
]
. (5.32)

The 1/(2𝑚)2 prefactors originate from the BD completeness relations (5.21)–
(5.22). They will cancel exactly against the external-state normalization factors
when computing the cross section (see below, eq. (5.71)).

Evaluation of the muon trace. Expanding the product (/𝑝′1+𝑚𝜇)𝛾𝜈 (/𝑝′2−𝑚𝜇)𝛾𝜌
inside the trace in eq. (5.31):

𝐿
(𝜇)
𝜈𝜌 =

1
(2𝑚𝜇)2

[
Tr(/𝑝′1𝛾𝜈 /𝑝

′
2𝛾𝜌) −𝑚𝜇Tr(/𝑝′1𝛾𝜈𝛾𝜌)

+𝑚𝜇Tr(𝛾𝜈 /𝑝′2𝛾𝜌) −𝑚
2
𝜇Tr(𝛾𝜈𝛾𝜌)

]
. (5.33)

The second and third terms vanish because they contain an odd number of
gamma matrices (three each). Thus:

𝐿
(𝜇)
𝜈𝜌 =

1
(2𝑚𝜇)2

[
Tr(/𝑝′1𝛾𝜈 /𝑝

′
2𝛾𝜌) −𝑚

2
𝜇Tr(𝛾𝜈𝛾𝜌)

]
. (5.34)

For the first term, we write /𝑝′1 = 𝑝
′
1𝛼𝛾

𝛼 and /𝑝′2 = 𝑝
′
2𝛽𝛾

𝛽:

Tr(/𝑝′1𝛾𝜈 /𝑝
′
2𝛾𝜌) = 𝑝

′
1𝛼𝑝
′
2𝛽Tr(𝛾𝛼𝛾𝜈𝛾𝛽𝛾𝜌) . (5.35)

Using the trace formula:

Tr(𝛾𝛼𝛾𝛽𝛾𝛾𝛾𝛿) = 4(𝑔𝛼𝛽𝑔𝛾𝛿 −𝑔𝛼𝛾𝑔𝛽𝛿 +𝑔𝛼𝛿𝑔𝛽𝛾) , (5.36)
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we have:

Tr(𝛾𝛼𝛾𝜈𝛾𝛽𝛾𝜌) = 4(𝑔𝛼𝜈𝑔𝛽𝜌 −𝑔𝛼𝛽𝑔𝜈𝜌 +𝑔𝛼𝜌𝑔𝛽𝜈)
= 4(𝛿𝛼𝜈 𝛿

𝛽
𝜌 −𝑔𝛼𝛽𝑔𝜈𝜌 + 𝛿𝛼𝜌𝛿

𝛽
𝜈 ) . (5.37)

Contracting with 𝑝′1𝛼𝑝
′
2𝛽:

𝑝′1𝛼𝑝
′
2𝛽Tr(𝛾𝛼𝛾𝜈𝛾𝛽𝛾𝜌) = 4

(
𝑝′1𝜈𝑝

′
2𝜌 − (𝑝

′
1 · 𝑝

′
2)𝑔𝜈𝜌 + 𝑝

′
1𝜌𝑝
′
2𝜈

)
. (5.38)

For the second term: Tr(𝛾𝜈𝛾𝜌) = 4𝑔𝜈𝜌.
Combining:

𝐿
(𝜇)
𝜈𝜌 =

1
𝑚2
𝜇

[
𝑝′1𝜈𝑝

′
2𝜌 + 𝑝

′
1𝜌𝑝
′
2𝜈 − (𝑝

′
1 · 𝑝

′
2+𝑚

2
𝜇)𝑔𝜈𝜌

]
. (5.39)

Evaluation of the electron trace. By the same calculation for the electron tensor
𝐿 (𝑒)𝜈𝜌:

𝐿 (𝑒)𝜈𝜌 =
1
𝑚2
𝑒

[
𝑝𝜈2𝑝

𝜌

1 + 𝑝
𝜌

2 𝑝
𝜈
1− (𝑝1 · 𝑝2+𝑚2

𝑒)𝑔𝜈𝜌
]
. (5.40)

Contraction of the leptonic tensors. The spin-averaged amplitude squared is:

|M|2 = 𝑒4

4𝑠2 𝐿
(𝜇)
𝜈𝜌 𝐿

(𝑒)𝜈𝜌 =
𝑒4

4𝑠2 ·
1

(2𝑚𝜇)2(2𝑚𝑒)2
Tr[𝜇]Tr[𝑒] . (5.41)

The contraction of the two traces (without the 1/(2𝑚)2 prefactors) proceeds as
follows. Writing:

Tr[𝜇]𝜈𝜌 = 4
[
𝑝′1𝜈𝑝

′
2𝜌 + 𝑝

′
1𝜌𝑝
′
2𝜈 − 𝐴𝑔𝜈𝜌

]
where 𝐴 = 𝑝′1 · 𝑝

′
2+𝑚

2
𝜇 (5.42)

Tr[𝑒]𝜈𝜌 = 4
[
𝑝𝜈2𝑝

𝜌

1 + 𝑝
𝜌

2 𝑝
𝜈
1−𝐵𝑔

𝜈𝜌
]

where 𝐵 = 𝑝1 · 𝑝2+𝑚2
𝑒 . (5.43)

The contraction gives:

𝐿
(𝜇)
𝜈𝜌 𝐿

(𝑒)𝜈𝜌 = 16
[
(𝑝′1𝜈𝑝

′
2𝜌) (𝑝

𝜈
2𝑝

𝜌

1 ) + (𝑝
′
1𝜈𝑝
′
2𝜌) (𝑝

𝜌

2 𝑝
𝜈
1)

+ (𝑝′1𝜌𝑝
′
2𝜈) (𝑝

𝜈
2𝑝

𝜌

1 ) + (𝑝
′
1𝜌𝑝
′
2𝜈) (𝑝

𝜌

2 𝑝
𝜈
1)

− 𝐴(𝑝𝜈2𝑝
𝜌

1𝑔𝜈𝜌) − 𝐴(𝑝
𝜌

2 𝑝
𝜈
1𝑔𝜈𝜌)

−𝐵(𝑝′1𝜈𝑝
′
2𝜌𝑔

𝜈𝜌) −𝐵(𝑝′1𝜌𝑝
′
2𝜈𝑔

𝜈𝜌) +4𝐴𝐵
]
. (5.44)
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Evaluating each term using 𝑝′1𝜈𝑝
𝜈
2 = 𝑝

′
1 · 𝑝2, etc.:

(𝑝′1𝜈𝑝
′
2𝜌) (𝑝

𝜈
2𝑝

𝜌

1 ) = (𝑝
′
1 · 𝑝2) (𝑝′2 · 𝑝1) (5.45)

(𝑝′1𝜈𝑝
′
2𝜌) (𝑝

𝜌

2 𝑝
𝜈
1) = (𝑝

′
1 · 𝑝1) (𝑝′2 · 𝑝2) (5.46)

(𝑝′1𝜌𝑝
′
2𝜈) (𝑝

𝜈
2𝑝

𝜌

1 ) = (𝑝
′
2 · 𝑝2) (𝑝′1 · 𝑝1) (5.47)

(𝑝′1𝜌𝑝
′
2𝜈) (𝑝

𝜌

2 𝑝
𝜈
1) = (𝑝

′
1 · 𝑝2) (𝑝′2 · 𝑝1) (5.48)

𝑝𝜈2𝑝
𝜌

1𝑔𝜈𝜌 = 𝑝1 · 𝑝2 (5.49)
𝑝′1𝜈𝑝

′
2𝜌𝑔

𝜈𝜌 = 𝑝′1 · 𝑝
′
2 . (5.50)

Collecting terms:

𝐿
(𝜇)
𝜈𝜌 𝐿

(𝑒)𝜈𝜌 = 16
[
2(𝑝′1 · 𝑝2) (𝑝′2 · 𝑝1) +2(𝑝′1 · 𝑝1) (𝑝′2 · 𝑝2)

−2𝐴(𝑝1 · 𝑝2) −2𝐵(𝑝′1 · 𝑝
′
2) +4𝐴𝐵

]
. (5.51)

Substituting 𝐴 = 𝑝′1 · 𝑝
′
2+𝑚

2
𝜇 and 𝐵 = 𝑝1 · 𝑝2+𝑚2

𝑒, and simplifying:

Tr[𝜇]𝜈𝜌Tr[𝑒]𝜈𝜌 = 32
[
(𝑝1 · 𝑝′1) (𝑝2 · 𝑝′2) + (𝑝1 · 𝑝′2) (𝑝2 · 𝑝′1)

+𝑚2
𝜇 (𝑝1 · 𝑝2) +𝑚2

𝑒 (𝑝′1 · 𝑝
′
2) +2𝑚2

𝑒𝑚
2
𝜇

]
. (5.52)

Including the BD normalization prefactors:

|M|2 = 𝑒4

4𝑠2 ·
1

(2𝑚𝜇)2(2𝑚𝑒)2
Tr[𝜇]𝜈𝜌Tr[𝑒]𝜈𝜌 . (5.53)

Center-of-mass kinematics. In the center-of-mass (CM) frame, the momenta are:

𝑝1 = (𝐸, ®𝑝), 𝑝′1 = (𝐸, ®𝑝
′) (5.54)

𝑝2 = (𝐸,− ®𝑝), 𝑝′2 = (𝐸,− ®𝑝
′) , (5.55)

where energy conservation requires all particles to have the same energy 𝐸 . The
relevant scalar products are:

𝑝1 · 𝑝2 = 𝐸
2+ | ®𝑝 |2 (5.56)

𝑝′1 · 𝑝
′
2 = 𝐸

2+ | ®𝑝 ′|2 (5.57)
𝑝1 · 𝑝′1 = 𝐸

2− | ®𝑝 | | ®𝑝 ′| cos𝜃 (5.58)
𝑝1 · 𝑝′2 = 𝐸

2+ | ®𝑝 | | ®𝑝 ′| cos𝜃 , (5.59)

where 𝜃 is the scattering angle between ®𝑝 and ®𝑝 ′, | ®𝑝 | =
√︁
𝐸2−𝑚2

𝑒, and | ®𝑝 ′| =√︃
𝐸2−𝑚2

𝜇.
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Mandelstam variables. For a 2→ 2 scattering process, the Mandelstam variables
are:

𝑠 ≡ (𝑝1+ 𝑝2)2, 𝑡 ≡ (𝑝1− 𝑝′1)
2, 𝑢 ≡ (𝑝1− 𝑝′2)

2 . (5.60)

These satisfy 𝑠+ 𝑡 +𝑢 = 2𝑚2
𝑒 +2𝑚2

𝜇. In the CM frame: 𝑠 = 4𝐸2.

Ultrarelativistic limit. In the limit 𝐸 ≫ 𝑚𝑒,𝑚𝜇, we have | ®𝑝 | ≈ | ®𝑝 ′| ≈ 𝐸 , and the
Mandelstam variables simplify to:

𝑠 = 4𝐸2, 𝑡 = − 𝑠
2
(1− cos𝜃), 𝑢 = − 𝑠

2
(1+ cos𝜃) . (5.61)

The scalar products become:

𝑝1 · 𝑝2 = 𝑝
′
1 · 𝑝

′
2 =

𝑠

2
, 𝑝1 · 𝑝′1 = −

𝑡

2
, 𝑝1 · 𝑝′2 = −

𝑢

2
. (5.62)

Substituting into eq. (5.52) with 𝑚𝑒 = 𝑚𝜇 = 0:

Tr[𝜇]𝜈𝜌Tr[𝑒]𝜈𝜌 = 32
[
𝑡2

4
+ 𝑢

2

4

]
= 8(𝑡2+𝑢2) . (5.63)

Expressing in terms of the scattering angle:

𝑡2+𝑢2 =
𝑠2

4
[
(1− cos𝜃)2+ (1+ cos𝜃)2

]
=
𝑠2

2
(1+ cos2 𝜃) . (5.64)

Therefore:

|M|2 = 𝑒4

4𝑠2 ·
8(𝑡2+𝑢2)
(2𝑚𝜇)2(2𝑚𝑒)2

=
2𝑒4(𝑡2+𝑢2)
(2𝑚𝜇)2(2𝑚𝑒)2 𝑠2 . (5.65)

Note that |M|2 still carries the BD normalization factors 1/(2𝑚)2; these will cancel
in the cross section.

Differential cross section and cancellation of BD normalization factors.
We now derive 𝑑𝜎/𝑑Ω in the CM frame from the BD master formula (3.55).
The two-body Lorentz-invariant phase space (3.45) reads

𝑑Φ2 = (2𝜋)4 𝛿(4) (𝑝𝐴+ 𝑝𝐵− 𝑝′1− 𝑝
′
2)

𝑑3𝑝′1
(2𝜋)3 2𝐸′1

𝑑3𝑝′2
(2𝜋)3 2𝐸′2

. (5.66)

In the CM frame ®𝑝𝐴 + ®𝑝𝐵 = 0, so the three-momentum delta function enforces
®𝑝′2 = − ®𝑝

′
1. Writing | ®𝑝′1 | = | ®𝑝

′
2 | ≡ | ®𝑝

′| and 𝑑3𝑝′1 = | ®𝑝
′|2 𝑑 | ®𝑝 ′| 𝑑Ω, integration over

®𝑝′2 yields

𝑑Φ2 =
1
(2𝜋)2

| ®𝑝 ′|2 𝑑 | ®𝑝 ′| 𝑑Ω
4𝐸′1𝐸

′
2

𝛿(
√
𝑠−𝐸′1−𝐸

′
2) . (5.67)
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To perform the | ®𝑝 ′| integration we use 𝛿( 𝑓 (𝑥)) = 𝛿(𝑥−𝑥0)/| 𝑓 ′(𝑥0) |, which requires
the Jacobian 𝑑 (𝐸′1+𝐸

′
2)/𝑑 | ®𝑝

′|. Since both final-state energies depend on the same

variable | ®𝑝 ′| through 𝐸′
𝑖
=

√︃
| ®𝑝 ′|2+𝑚′2

𝑖
, differentiation gives

𝑑𝐸′
𝑖

𝑑 | ®𝑝 ′| =
| ®𝑝 ′|
𝐸′
𝑖

, (5.68)

so that
𝑑 (𝐸′1+𝐸

′
2)

𝑑 | ®𝑝 ′| =
| ®𝑝 ′|
𝐸′1
+ | ®𝑝

′|
𝐸′2

= | ®𝑝 ′|
𝐸′2+𝐸

′
1

𝐸′1𝐸
′
2

=
| ®𝑝 ′|
√
𝑠

𝐸′1𝐸
′
2
, (5.69)

where in the last step we used 𝐸′1+𝐸
′
2 =
√
𝑠 on the support of the delta function.

The delta function identity then gives

𝑑Φ2

���
CM

=
1
(2𝜋)2

| ®𝑝 ′|2
4𝐸′1𝐸

′
2

𝐸′1𝐸
′
2

| ®𝑝 ′|
√
𝑠
𝑑Ω =

| ®𝑝 ′|
16𝜋2√𝑠

𝑑Ω . (5.70)

Substituting into the master formula (3.55) with the CM-frame flux factor F =

4| ®𝑝 |
√
𝑠 (cf. eq. (3.53)):(
𝑑𝜎

𝑑Ω

)
CM

=
1

4| ®𝑝 |
√
𝑠

( ∏
𝑖∈fermions

2𝑚𝑖

)
|MBD |2

| ®𝑝 ′|
16𝜋2√𝑠

=
1

64𝜋2𝑠

| ®𝑝 ′|
| ®𝑝 |

( ∏
𝑖∈fermions

2𝑚𝑖

)
|MBD |2 . (5.71)

For 𝑒+𝑒−→ 𝜇+𝜇− with four external fermions:
∏(2𝑚𝑖) = (2𝑚𝑒)2(2𝑚𝜇)2.

Using eq. (5.53), the factor (2𝑚𝑒)2(2𝑚𝜇)2 from the cross-section formula exactly
cancels the 1/(2𝑚𝑒)2(2𝑚𝜇)2 from the BD completeness relations in the leptonic
tensors:

𝑑𝜎

𝑑Ω
=

1
64𝜋2𝑠

| ®𝑝 ′|
| ®𝑝 | ·���������

(2𝑚𝑒)2(2𝑚𝜇)2 ·
𝑒4

4𝑠2 ·
Tr[𝜇]Tr[𝑒]

((((((((((2𝑚𝜇)2(2𝑚𝑒)2

=
1

64𝜋2𝑠

| ®𝑝 ′|
| ®𝑝 | ·

𝑒4

4𝑠2 ·Tr[𝜇]Tr[𝑒] . (5.72)

All mass factors from the BD normalisation drop out, as they must: the cross section
is a physical observable independent of the spinor normalisation convention.

In the ultrarelativistic limit (| ®𝑝 ′| = | ®𝑝 |, 𝑚𝑒 = 𝑚𝜇 = 0), using eq. (5.63) and
𝛼 = 𝑒2/4𝜋:

𝑑𝜎

𝑑Ω
=
𝛼2

4𝑠
(1+ cos2 𝜃) . (5.73)
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The factor (1+ cos2 𝜃) reflects the spin-1 nature of the intermediate photon. At
𝜃 = 0 (forward) and 𝜃 = 𝜋 (backward), the cross section is maximized, while at
𝜃 = 𝜋/2 it has a minimum.

Total cross section. Integrating over the solid angle:

𝜎tot =

∫
𝑑𝜎

𝑑Ω
𝑑Ω = 2𝜋 · 𝛼

2

4𝑠

∫ +1

−1
(1+ 𝑥2) 𝑑𝑥

=
𝜋𝛼2

2𝑠
· 8
3
. (5.74)

Therefore:

𝜎tot(𝑒+𝑒−→ 𝜇+𝜇−) = 4𝜋𝛼2

3𝑠
. (5.75)

Numerical estimate. Using ℎ̄𝑐 ≃ 0.197 GeV·fm and 𝛼 ≃ 1/137, at
√
𝑠 = 1 GeV:

𝜎 ≃ 87 nb . (5.76)

A useful practical formula is:

𝜎(𝑒+𝑒−→ 𝜇+𝜇−) ≃ 87 nb
𝑠/GeV2 . (5.77)

Remark. [The “point cross section”] The result 𝜎 ∝ 1/𝑠 is characteristic of
point-like electromagnetic scattering. Any deviation from this behavior signals
the presence of structure (form factors) or new physics. This cross section serves
as the normalization standard for the 𝑅-ratio:

𝑅 ≡ 𝜎(𝑒
+𝑒−→ hadrons)

𝜎(𝑒+𝑒−→ 𝜇+𝜇−) , (5.78)

which provides crucial information about quark charges and the number of colors.

Comparison with experiment. The QED prediction 𝜎 = 4𝜋𝛼2/3𝑠 has been tested
at numerous 𝑒+𝑒− colliders. Figure 5.1 shows a comparison between the theoretical
cross section and experimental measurements from various facilities.

The agreement between theory and experiment is remarkable, typically at the
percent level or better. This precision test of QED provides strong evidence that the
electron and muon are indeed point-like particles with no internal structure down
to scales of ∼ 10−18 m.

Summary of results. We collect the main results of this calculation in the following
table:
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100 101 102

10−2

10−1

100

101

102

√
𝑠 (GeV)

𝜎
(𝑒
+ 𝑒
−
→
𝜇
+
𝜇
− )

(n
b)

QED:
4𝜋𝛼2

3𝑠
Experimental data

Figure 5.1. Total cross section for 𝑒+𝑒−→ 𝜇+𝜇− as a function of center-of-mass energy√
𝑠. The solid line shows the QED prediction 𝜎 = 4𝜋𝛼2/3𝑠 ≃ 86.8 nb/(

√
𝑠/GeV)2. The

data points represent measurements from various 𝑒+𝑒− colliders (SPEAR, DORIS,
PETRA, PEP, TRISTAN). The excellent agreement over more than two orders of mag-
nitude in energy demonstrates the validity of QED as a description of electromagnetic
interactions.


	Preface: A Roadmap of Theoretical Physics
	Open Problems in Particle Physics (2026)
	I Introduction to Quantum Field Theory
	1 Free Fields: A Recap
	1.1 The real scalar field
	The Klein–Gordon equation
	The Hamiltonian
	Mode expansion
	Commutation relations
	Physical motivation
	Equal-time canonical commutation relations
	Creation and annihilation operator commutators

	The Hamiltonian and normal ordering
	Four-momentum operator
	Normalization conventions: a detailed comparison
	Convention I: Bjorken–Drell (used in these notes)
	Convention II: Covariant (2E) normalization
	Convention III: Box normalization (Mandl–Shaw)
	The completeness relation: definition or consequence?
	Conversion between conventions
	Advantages and drawbacks of each convention

	Consistency between field expansion, (anti)commutators, and state normalization

	1.2 The complex scalar field
	Equation of motion
	Canonical momenta and Hamiltonian
	Creation and annihilation operators
	The conserved charge

	1.3 The Dirac field
	The Lagrangian and Dirac equation
	Degrees of freedom
	Canonical momenta and constraints
	The Hamiltonian
	Mode expansion
	Spinor properties
	Explicit construction of spinors in the Dirac representation
	The Dirac representation of gamma matrices
	Rest-frame spinors
	Boosted spinors: general momentum
	Explicit spinors for motion along z-axis
	Verification of normalization
	Relation between u and v via charge conjugation
	Non-relativistic and ultra-relativistic limits
	Helicity spinors

	Anticommutation relations
	Four-momentum operator
	The conserved charge

	1.4 The photon field
	The Lagrangian and equations of motion
	Gauge invariance: classical analysis
	Gauge fixing: summary of choices
	Coulomb (radiation) gauge
	Lorenz gauge and covariant gauges
	Axial and temporal gauges

	Plane wave expansion and polarization vectors
	Polarization vectors

	Canonical quantization in the Coulomb gauge
	The transverse delta function
	Equal-time commutation relations
	Mode expansion and creation/annihilation operators
	The Hamiltonian

	The role of A0 and the instantaneous Coulomb interaction
	Covariant quantization: Gupta–Bleuler formalism
	The modified Lagrangian
	Covariant commutation relations
	Mode expansion with four polarizations
	The problem of negative-norm states
	The Gupta–Bleuler condition
	Equivalence with Coulomb gauge

	Polarization sums in calculations
	Coulomb gauge
	Covariant gauges


	1.5 Feynman propagators
	Scalar field propagator
	Derivation of the momentum-space form
	The final result
	The propagator as a Green's function

	Dirac field propagator
	Physical interpretation
	Derivation

	Photon propagator
	Definition
	Gauge dependence
	Derivation in Feynman gauge
	The result
	Properties
	Summary: comparison of propagators


	1.6 Noether's theorem and conserved currents
	General statement and proof
	Proof
	Important remarks

	Example 1: Internal U(1) symmetry and charge conservation
	Example 2: Spacetime translations and the energy-momentum tensor
	Example 3: Lorentz transformations and angular momentum
	Example 4: Dirac field and the vector current
	Summary: symmetries and conservation laws


	2 Pictures of Quantum Dynamics
	2.1 The Schrödinger picture
	2.2 The Heisenberg picture
	2.3 The interaction (Dirac) picture
	2.4 A unified framework: the general picture
	2.5 Exponential representations of the evolution operators
	2.6 Summary: comparison of pictures

	3 The Dyson Series
	3.1 Derivation of the series
	3.2 Time ordering and the 1/n! factor
	3.3 The time-ordered exponential
	3.4 Definition of the S-matrix
	3.5 Cross sections in the Bjorken–Drell conventions

	4 Feynman Rules
	4.1 The perturbative expansion of the S-matrix
	4.2 Wick's theorem
	4.3 Scalar field theory: 4
	4.4 Feynman rules for QED
	First-order contributions: why they vanish

	4.5 Second-order contributions: complete derivation
	4.6 Feynman rules in momentum space
	4.7 The fermion minus sign: detailed proof
	4.8 Summary: QED Feynman rules


	II Quantum Electrodynamics
	5 QED Scattering Processes
	5.1 Overview of QED processes
	The QED interaction vertex
	Classification of tree-level processes
	Feynman diagrams for classic QED processes
	Møller scattering (e- e- e- e-)
	Bhabha scattering (e+ e- e+ e-)
	Compton scattering (e- e- )
	Pair annihilation (e+ e- )


	5.2 Muon pair production: e+e- +-
	Helicity considerations

	5.3 Bhabha scattering: e+e- e+e-
	Interference term

	5.4 Compton scattering: e-e-
	Kinematics and amplitude
	Spin sums and the Klein–Nishina formula
	Physical discussion and applications
	Polarized Compton scattering
	Choice of gauge and reference frame
	Simplification of the matrix elements
	Spin-summed squared amplitudes
	Calculation of Yss: detailed derivation
	Calculation of Yuu: by crossing symmetry
	Calculation of Ysu: the interference term
	Assembly of the polarized cross section
	Recovery of the unpolarized cross section
	Physical interpretation and applications


	5.5 Scattering by an external field
	The external field in the S-matrix
	Combining quantized and classical fields
	The S-matrix expansion
	Specialization to static fields

	Matrix element and Feynman rules
	Evaluation of the matrix element
	Performing the integrals
	The final result
	Comparison with photon scattering
	Modified Feynman rules

	Cross section for external field scattering
	Derivation of the cross section formula

	Coulomb scattering: the Mott formula
	The Coulomb potential
	Fourier transform of the Coulomb potential
	The scattering amplitude
	Unpolarized cross section: the trace calculation
	The momentum transfer
	The Mott formula

	The Rutherford limit
	Spin and helicity in Coulomb scattering
	Non-relativistic limit: spin conservation
	Ultra-relativistic limit: helicity conservation
	Physical interpretation
	Summary: two limiting behaviors


	5.6 Bremsstrahlung
	The process and its Feynman diagrams
	The S-matrix element
	Writing the amplitude
	Simplifying the propagators

	The cross section formula
	Transition rate and phase space
	The Bethe-Heitler formula

	The soft photon approximation
	Simplification of the amplitude
	Using the Dirac equation
	The factorized amplitude

	The soft bremsstrahlung cross section
	Unpolarized cross section

	The infrared divergence
	Origin of the divergence
	Regularization with a photon mass

	The experimental cross section
	Why the vertex correction enters at the same order

	The Bloch-Nordsieck theorem
	Physical understanding
	Exponentiation and the vanishing of pure elastic scattering

	Physical applications and summary
	Radiative corrections in precision experiments
	Universality of soft photon emission
	Summary




	III Renormalization
	6 Renormalization in QED
	6.1 Warm-up: renormalization of 4 theory
	The tadpole: mass renormalization

	6.2 Photon self-energy in QED
	6.3 Electron propagator renormalization in QED
	6.4 One-loop vertex correction in QED and its renormalization
	6.5 External line renormalization
	6.6 Systematic renormalization of QED
	6.7 General renormalization theory: power counting and the classification of divergences
	The superficial degree of divergence
	Propagator behavior and the spin parameter sf
	Derivation of the formula for D
	The topological identity
	The master formula for D
	Classification of interactions: renormalizable, super-renormalizable, and non-renormalizable
	Application to QED
	Why the superficial degree of divergence is not the whole story: subdivergences
	The cancellation of divergences and overlapping divergences
	Beyond renormalizability: effective field theories
	Wilson's renormalization group and the floating cutoff
	Accidental symmetries

	Summary: renormalization constants and their physical effects

	7 QED Renormalization: explicit calculations
	7.1 Photon self-energy (vacuum polarization) in dimensional regularization: detailed derivation of the finite part
	7.2 Electron self-energy in dimensional regularization: detailed derivation of the finite part
	7.3 One-loop vertex correction in dimensional regularization: detailed derivation of the finite part
	7.4 Numerical size of the one-loop QED corrections and phenomenological evidence

	8 General Methods for Interacting Fields
	8.1 Introduction: from free to interacting fields
	8.2 Properties of physical states
	8.3 In-fields and the asymptotic condition
	8.4 Out-fields and the S-matrix
	8.5 Comparison with the interaction-picture approach
	8.6 The spectral representation
	8.7 The LSZ reduction formula for scalar fields
	8.8 The reduction formula for Dirac fields
	8.9 Green's functions and the S-matrix
	8.10 Summary and physical interpretation


	IV Supersymmetry
	9 Poincaré and Lorentz Symmetries
	9.1 The Lorentz group and its Lie algebra
	9.2 The Poincaré group and its Lie algebra
	9.3 Spin-1/2 representations of the Lorentz group
	9.4 Bilinear covariants
	9.5 Four-component spinors
	9.6 Lagrangians for free spin-1/2 fermions

	10 Introduction to Supersymmetry
	10.1 Why Supersymmetry Still Matters
	10.2 Two-component spinor conventions (recap)
	10.3 The free Wess-Zumino model
	10.4 The SUSY algebra and supermultiplets
	10.5 Interactions and the superpotential


	V Appendices
	A Dirac gamma matrices
	B Choice of representation for Dirac matrices
	C Weyl spinor identities
	D Mandelstam variables
	E Single-spin projectors and helicity
	F Special functions for loop integrals
	G Feynman-integral technology
	H Optical theorem and Cutkosky cutting rules
	I Derivation of the Gell-Mann–Low formula
	Analytical Index
	Bibliography


