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4.3 Scalar field theory: 𝜆𝜙4

Before tackling the complexities of QED, we develop the Feynman rules for
the simplest interacting quantum field theory: a real scalar field with quartic
self-interaction. This theory, while lacking direct phenomenological application,
serves as the ideal pedagogical laboratory for understanding perturbation theory,
renormalization, and the renormalization group.

The Lagrangian

The Lagrangian density for 𝜆𝜙4 theory is:

L =
1
2
𝜕𝜇𝜙𝜕

𝜇𝜙− 1
2
𝑚2𝜙2− 𝜆

4!
𝜙4 , (4.47)

where 𝜙(𝑥) is a real scalar field, 𝑚 is the mass, and 𝜆 > 0 is a dimensionless
coupling constant. The factor 1/4! is conventional and simplifies combinatorics.

The interaction Hamiltonian density is:

H𝐼 = −L𝐼 =
𝜆

4!
𝜙4 . (4.48)

Dimensional analysis. In 𝑑 = 4 spacetime dimensions:

• [𝜙] = 1 (mass dimension)
• [𝜕𝜇] = 1
• [𝑚] = 1
• [𝜆] = 0 (dimensionless)

The dimensionlessness of 𝜆 makes 𝜙4 theory renormalizable in 𝑑 = 4; the precise
meaning of this statement and the general classification of interactions based on
power counting are discussed in Section 6.7.

Why 𝜙4 and not 𝜙3? One might wonder why the simplest scalar interac-
tion is taken to be quartic rather than cubic. A 𝜙3 coupling would actually be
super-renormalizable in 𝑑 = 4 (the coupling has mass dimension [𝜆3] = 1), so
renormalizability is not the issue. The real problem is stability: the potential
𝑉 (𝜙) = 𝜆3

3!𝜙
3 is unbounded from below—for 𝜙→−∞ (if 𝜆3 > 0) the energy de-

creases without limit, so the vacuum is unstable and the theory has no ground
state. By contrast, 𝑉 (𝜙) = 𝜆

4!𝜙
4 with 𝜆 > 0 is bounded from below and possesses a

stable vacuum. Moreover, 𝜙4 theory enjoys a discrete Z2 symmetry 𝜙→−𝜙, which
forbids odd-power interactions such as 𝜙3 and 𝜙 and ensures that the vacuum at
𝜙 = 0 is a true minimum.
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Derivation of the Feynman rules for 𝜆𝜙4

We now derive the Feynman rules systematically from the Dyson series and Wick’s
theorem.

The 𝑆-matrix expansion. The 𝑆-matrix is given by the Dyson series (4.1):

𝑆 = 𝑇 exp
(
−𝑖

∫
𝑑4𝑥H𝐼 (𝑥)

)
= 1+ 𝑆(1) + 𝑆(2) + · · · , (4.49)

where for 𝜙4 theory:

𝑆(𝑛) =
(−𝑖)𝑛
𝑛!

(
𝜆

4!

)𝑛∫
𝑑4𝑥1 · · ·𝑑4𝑥𝑛𝑇{𝜙4(𝑥1) · · ·𝜙4(𝑥𝑛)} . (4.50)

First order: complete classification of 𝑆(1). At first order,

𝑆(1) = −𝑖 𝜆
4!

∫
𝑑4𝑥𝑇{𝜙4(𝑥)} . (4.51)

Because all four fields sit at the same spacetime point, a first-order Wick contraction
can occur in two different ways:

• a field contracts with an external particle state;
• two fields at the same vertex contract with each other, producing a factor
𝑖Δ𝐹 (0).

If 𝑟 = 0,1,2 self-contractions occur at the vertex, then 2𝑟 fields are used internally
and the number of external legs is

𝐸 = 4−2𝑟 . (4.52)

Therefore the full first-order operator 𝑆(1) contains exactly three topologies:

• 𝑟 = 0 (𝐸 = 4): the elementary quartic contact vertex,

which underlies the matrix elements 0→ 4, 1→ 3, 2→ 2, 3→ 1, 4→ 0.
• 𝑟 = 1 (𝐸 = 2): the tadpole topology,
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which contributes to two-leg amplitudes (for example the 1→ 1 matrix
element, or equivalently the two-point function).

• 𝑟 = 2 (𝐸 = 0): the vacuum bubble (“figure-eight”),

which contributes to the vacuum-to-vacuum amplitude ⟨0|𝑆(1) |0⟩.

Among these three first-order topologies, the elementary interaction vertex is
the four-leg contribution with no self-contractions. We now isolate this term and
derive its factor explicitly. If one normal-orders the interaction Hamiltonian, the
tadpole and vacuum-bubble topologies are absent from the outset.

Derivation of the vertex factor. Consider the amplitude with four incoming
particles:

⟨0|𝑆(1) |𝑝1, 𝑝2, 𝑝3, 𝑝4⟩ =
−𝑖𝜆
4!

∫
𝑑4𝑥

× ⟨0|𝑇{𝜙4(𝑥)}|𝑝1, 𝑝2, 𝑝3, 𝑝4⟩ . (4.53)

The initial state is |𝑝1, 𝑝2, 𝑝3, 𝑝4⟩ = 𝑎†( ®𝑝1)𝑎†( ®𝑝2)𝑎†( ®𝑝3)𝑎†( ®𝑝4) |0⟩. We must
contract all four field operators 𝜙(𝑥) with the four creation operators.

Using the mode expansion 𝜙(𝑥) = 𝜙(+) (𝑥) + 𝜙(−) (𝑥) where 𝜙(+) contains the
annihilation operators:

𝜙(+) (𝑥) =
∫

𝑑3𝑘

(2𝜋)3/2
√

2𝐸𝑘
𝑎( ®𝑘) 𝑒−𝑖𝑘 ·𝑥 , (4.54)

the contraction of 𝜙(+) (𝑥) with a single one-particle state |𝑝𝑖⟩ = 𝑎†( ®𝑝𝑖) |0⟩ is:

⟨0|𝜙(+) (𝑥) |𝑝𝑖⟩ =
𝑒−𝑖𝑝𝑖 ·𝑥

(2𝜋)3/2
√︁

2𝐸𝑝𝑖
. (4.55)

This is the basic building block: each field 𝜙(+) (𝑥), when contracted with a specific
particle of momentum 𝑝𝑖, contributes a plane wave 𝑒−𝑖𝑝𝑖 ·𝑥 (times the normalization
factor).

For 𝜙4(𝑥) to annihilate all four particles, we need all four 𝜙(+) components, each
contracted with a different particle. There are 4! ways to assign the four fields to
the four particles; each assignment gives the same result:

⟨0|𝜙(+) (𝑥)𝜙(+) (𝑥)𝜙(+) (𝑥)𝜙(+) (𝑥) |𝑝1, 𝑝2, 𝑝3, 𝑝4⟩

= 4!
4∏
𝑖=1

1
(2𝜋)3/2

√︁
2𝐸𝑝𝑖

𝑒−𝑖(𝑝1+𝑝2+𝑝3+𝑝4)·𝑥 . (4.56)
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Therefore, denoting the external-leg normalization byN ≡∏4
𝑖=1[(2𝜋)3/2

√︁
2𝐸𝑝𝑖]−1:

⟨0|𝑆(1) |𝑝1, 𝑝2, 𝑝3, 𝑝4⟩ =
−𝑖𝜆
4!
·4!N

∫
𝑑4𝑥 𝑒−𝑖(𝑝1+𝑝2+𝑝3+𝑝4)·𝑥

= −𝑖𝜆N (2𝜋)4𝛿(4) (𝑝1+ 𝑝2+ 𝑝3+ 𝑝4) . (4.57)

The product
∏
𝑖 [(2𝜋)3/2

√︁
2𝐸𝑝𝑖]−1 is the standard external-leg normalization factor

that accompanies every 𝑆-matrix element in the Bjorken–Drell convention; it will
reappear systematically in the cross-section formula (Chapter 5) and cancel against
the flux and phase-space factors.

Result: The vertex factor is −𝑖𝜆 and momentum is conserved at
the vertex. The 4! from the Lagrangian is exactly cancelled by the
4! ways of contracting four external lines with four fields.

Derivation of the propagator. Consider the second-order contribution to 2→ 2
scattering with two vertices at 𝑥 and 𝑦. To generate the connected bubble topology,
we must perform (for example) two cross-vertex contractions, i.e. two fields at 𝑥
contracted with two fields at 𝑦:

⟨0|𝑇{𝜙𝑎 (𝑥)𝜙𝑏 (𝑥)𝜙𝑐 (𝑦)𝜙𝑑 (𝑦)}|0⟩
⊃ ⟨0|𝑇{𝜙𝑎 (𝑥)𝜙𝑐 (𝑦)}|0⟩︸                     ︷︷                     ︸

𝑖Δ𝐹 (𝑥−𝑦)

⟨0|𝑇{𝜙𝑏 (𝑥)𝜙𝑑 (𝑦)}|0⟩︸                      ︷︷                      ︸
𝑖Δ𝐹 (𝑥−𝑦)

=
[
𝑖Δ𝐹 (𝑥− 𝑦)

]2
.

(4.58)

The alternative pairing 𝑐↔ 𝑑 gives the same integrand; this exchange is precisely
the origin of the 𝑆 = 2 symmetry factor for the bubble.

𝑝1

𝑝2
𝑥 𝑦

𝑝3

𝑝4

ℓ1

ℓ2

Each contraction contributes one propagator. In momentum space, the pair of
contractions gives:

[
𝑖Δ𝐹 (𝑥− 𝑦)

]2
=

2∏
𝑗=1

∫
𝑑4ℓ 𝑗

(2𝜋)4
𝑖

ℓ2
𝑗
−𝑚2+ 𝑖𝜖

𝑒−𝑖ℓ 𝑗 ·(𝑥−𝑦) . (4.59)

When we integrate over the vertex positions 𝑥 and 𝑦, the exponentials combine
with those from external lines to produce momentum-conserving delta functions.
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Let us see this explicitly for the 𝑠-channel diagram, where the two incoming particles
are annihilated at 𝑥 and the two outgoing ones are created at 𝑦, with two internal
propagators connecting the vertices.

Suppressing normalization and combinatorial prefactors, the spacetime integrals
are: ∫

𝑑4𝑥 𝑑4𝑦 𝑒−𝑖𝑝1·𝑥 𝑒−𝑖𝑝2·𝑥︸          ︷︷          ︸
incoming at 𝑥

𝑒+𝑖𝑝3·𝑦 𝑒+𝑖𝑝4·𝑦︸          ︷︷          ︸
outgoing at 𝑦

2∏
𝑗=1

∫
𝑑4ℓ 𝑗

(2𝜋)4
𝑖

ℓ2
𝑗
−𝑚2+ 𝑖𝜖

𝑒−𝑖ℓ 𝑗 ·(𝑥−𝑦) .

(4.60)

Each propagator 𝑒−𝑖ℓ 𝑗 ·(𝑥−𝑦) contributes a phase 𝑒−𝑖ℓ 𝑗 ·𝑥 at vertex 𝑥 and 𝑒+𝑖ℓ 𝑗 ·𝑦 at vertex
𝑦. Collecting all 𝑥-dependent and 𝑦-dependent phases:

integrate over 𝑥 :
∫
𝑑4𝑥 𝑒−𝑖(𝑝1+𝑝2+ℓ1+ℓ2)·𝑥 = (2𝜋)4 𝛿(4) (𝑝1+ 𝑝2+ ℓ1+ ℓ2) ,

(4.61)

integrate over 𝑦 :
∫
𝑑4𝑦 𝑒+𝑖(𝑝3+𝑝4+ℓ1+ℓ2)·𝑦 = (2𝜋)4 𝛿(4) (𝑝3+ 𝑝4+ ℓ1+ ℓ2) .

(4.62)

Each delta function enforces momentum conservation at its vertex: the total
four-momentum flowing into the vertex equals the total momentum flowing out.

Using (4.61) to eliminate ℓ2 = −(𝑝1+ 𝑝2) − ℓ1 and substituting into (4.62):

(2𝜋)4 𝛿(4)
(
𝑝3+ 𝑝4− (𝑝1+ 𝑝2)

)
, (4.63)

which is overall four-momentum conservation. One loop momentum (ℓ ≡ ℓ1)
remains a free integration variable—this is the loop integral

∫
𝑑4ℓ/(2𝜋)4 in the

Feynman rules.
In general, 𝑉 vertex integrations produce 𝑉 delta functions, of which one

enforces overall momentum conservation and the remaining 𝑉 − 1 fix internal
momenta, leaving 𝐿 = 𝐼 −𝑉 +1 independent loop momenta to be integrated over
(see eq. (4.64) below).

After all vertex integrations are performed, what remains for each internal line
is simply the momentum-space propagator:

Result: The propagator factor is
𝑖

𝑝2−𝑚2+ 𝑖𝜖
where 𝑝 is deter-

mined by momentum conservation.

Loop integrals and momentum conservation. For a diagram with 𝑉 vertices and
𝐼 internal lines:
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• Each vertex contributes an integral
∫
𝑑4𝑥𝑖 and a factor (−𝑖𝜆/4!)

• Each internal line contributes a propagator with momentum 𝑝 𝑗
• The integrals over vertex positions produce 𝑉 momentum-conserving delta

functions

The number of independent loop momenta is:

𝐿 = 𝐼 −𝑉 +1 . (4.64)

(This is Euler’s formula for connected graphs.) Each loop momentum requires an
integration

∫
𝑑4ℓ/(2𝜋)4.

Symmetry factors. Let us understand where overcounting arises. The Dyson
series at order 𝑛 contains a factor 1/𝑛!, and each 𝜙4 vertex carries 1/4!. When we
enumerate all Wick contractions we generate every possible Feynman diagram—but
some contractions that look different at the algebraic level produce the same diagram.
This happens whenever the diagram possesses an internal symmetry: a permutation
of internal lines or vertices that maps the diagram onto itself, leaving all external
legs fixed. Each such permutation corresponds to a distinct Wick contraction that
gives an identical integral, so the sum over contractions overcounts by a factor
equal to the number of these permutations.

More concretely, consider the 𝑛th-order term in the Dyson series:

𝑆(𝑛) =
1
𝑛!

(
−𝑖𝜆
4!

)𝑛∫
𝑑4𝑥1 · · ·𝑑4𝑥𝑛 𝑇{𝜙4(𝑥1) · · ·𝜙4(𝑥𝑛)} . (4.65)

The factor 1/𝑛! compensates for the 𝑛! permutations of the vertex labels 𝑥1, . . . , 𝑥𝑛
(the time-ordered product is symmetric). Similarly, the (4!)𝑛 in the denominator
compensates for the 4! permutations of the four fields at each vertex. However, if a
diagram has an additional symmetry—for instance, two internal lines connecting
the same pair of vertices can be swapped, or a loop can be traversed in either
direction—then some of those permutations produce identical integrands. The
Wick sum counts them as separate contributions, so the result is too large by a
factor 𝑆.

The symmetry factor 𝑆 is the order of the group of internal automorphisms of
the diagram (permutations of internal lines and vertices that leave the diagram and
all external legs unchanged). The correct amplitude is:

Amplitude =
1
𝑆
× (naive Feynman rules) . (4.66)

Example 1: For the 𝑠-channel bubble diagram in 2→ 2 scattering:
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The two internal lines can be exchanged⇒ 𝑆 = 2.
Example 2: The “figure-eight” vacuum diagram.
This diagram arises from the vacuum-to-vacuum amplitude at first order:

⟨0|𝑆(1) |0⟩ = −𝑖𝜆
4!

∫
𝑑4𝑥 ⟨0|𝑇{𝜙(𝑥)𝜙(𝑥)𝜙(𝑥)𝜙(𝑥)}|0⟩ . (4.67)

Since there are no external particles, all four fields at the vertex must be contracted
among themselves. By Wick’s theorem (Example 2 in (4.38) with 𝑥1 = 𝑥2 = 𝑥3 =
𝑥4 = 𝑥), there are 3 complete contractions, each consisting of two propagators that
start and end at the same point:

⟨0|𝑇{𝜙4(𝑥)}|0⟩ = 3
[
𝑖Δ𝐹 (0)

]2
. (4.68)

Each factor 𝑖Δ𝐹 (0) = 𝜙(𝑥)𝜙(𝑥) represents a closed loop—a propagator from 𝑥 back
to 𝑥—giving the characteristic figure-eight shape with two loops meeting at a single
vertex:

The symmetry factor is 𝑆 = 8: each of the two loops can be traversed in two
directions (2× 2 = 4), and the two loops can be exchanged (×2). Equivalently,
𝑆 = 4!/3 = 8, since the 4! from the Lagrangian overcounts by a factor of 3 (the
number of Wick contractions) relative to the single diagram.

The full first-order vacuum amplitude is therefore

⟨0|𝑆(1) |0⟩ = −𝑖𝜆
4!
·3 ·

[
𝑖Δ𝐹 (0)

]2
∫
𝑑4𝑥 =

−𝑖𝜆
8

[
𝑖Δ𝐹 (0)

]2 ·𝑉𝑇 , (4.69)

where 𝑉𝑇 =
∫
𝑑4𝑥 is the spacetime volume. Note that Δ𝐹 (0) is UV-divergent—this

is a first example of a divergence that must be handled by renormalization.
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Summary: Feynman rules for 𝜆𝜙4

Element Diagram Factor

Propagator 𝑝
𝑖

𝑝2−𝑚2+ 𝑖𝜖

Vertex −𝑖𝜆

External line in/out 1

Procedural rules:

1. Draw all topologically distinct connected diagrams
2. Label external momenta 𝑝𝑖 (incoming positive) and internal momenta 𝑞 𝑗
3. Write −𝑖𝜆 for each vertex
4. Write

𝑖

𝑞2
𝑗
−𝑚2+ 𝑖𝜖

for each internal line

5. Impose momentum conservation at each vertex: include (2𝜋)4𝛿(4) (∑ 𝑝)

6. Integrate
∫

𝑑4ℓ

(2𝜋)4
over each independent loop momentum

7. Divide by the symmetry factor 𝑆
8. External lines contribute factor 1 (for scalars)

Remark on the (2𝜋) factors. Each internal line brings
∫
𝑑4𝑞 𝑗/(2𝜋)4, while

each vertex brings (2𝜋)4𝛿(4) (∑ 𝑝). Of the 𝑉 delta functions, 𝑉 − 1 are used to
fix 𝑉 − 1 internal momenta, cancelling the corresponding integrals and (2𝜋)4
factors. The remaining delta function enforces overall momentum conservation,
(2𝜋)4𝛿(4) (𝑝in − 𝑝out), and is factored out in the definition of 𝑖M. After this
reduction, only 𝐿 = 𝐼 −𝑉 +1 independent loop integrals

∫
𝑑4ℓ/(2𝜋)4 survive, with

all (2𝜋) factors exactly accounted for.

Tree-level scattering: 𝜙𝜙→ 𝜙𝜙

The simplest scattering process is 2→ 2 scattering. At tree level (order 𝜆), there is
a single diagram:
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𝑝1

𝑝2

𝑝3

𝑝4

The amplitude is simply:1

𝑖M (1) = −𝑖𝜆 . (4.70)

This is remarkably simple: the tree-level amplitude is just the coupling constant
(times −𝑖).

The Mandelstam variables for this process are:

𝑠 = (𝑝1+ 𝑝2)2, 𝑡 = (𝑝1− 𝑝3)2, 𝑢 = (𝑝1− 𝑝4)2 , (4.71)

with the constraint 𝑠 + 𝑡 + 𝑢 = 4𝑚2. At tree level, M is independent of these
kinematic variables.

One-loop corrections: systematic calculation

At order 𝜆2, we have contributions from the second-order term in the Dyson series:

𝑆(2) =
(−𝑖)2

2!

(
𝜆

4!

)2 ∫
𝑑4𝑥 𝑑4𝑦𝑇{𝜙4(𝑥)𝜙4(𝑦)} . (4.72)

Applying Wick’s theorem to 𝑇{𝜙4(𝑥)𝜙4(𝑦)} generates all possible contractions.
For 2→ 2 scattering (𝑝1, 𝑝2→ 𝑝3, 𝑝4), the connected diagrams at one loop are
three bubble diagrams, distinguished by which pair of external particles meets at
each vertex. The three possibilities correspond to the three Mandelstam channels:

• 𝑠-channel: Both incoming particles (𝑝1, 𝑝2) enter the same vertex; both
outgoing (𝑝3, 𝑝4) leave from the other. The total momentum flowing through
the internal lines is 𝑝1+ 𝑝2, so the bubble depends on 𝑠 = (𝑝1+ 𝑝2)2.

• 𝑡-channel: One incoming and one outgoing particle meet at each vertex—
specifically, 𝑝1 and 𝑝3 at one vertex, 𝑝2 and 𝑝4 at the other. The momentum
transfer through the bubble is 𝑝1− 𝑝3, so it depends on 𝑡 = (𝑝1− 𝑝3)2.

• 𝑢-channel: Same topology as the 𝑡-channel, but with the outgoing particles
swapped: 𝑝1 and 𝑝4 meet at one vertex, 𝑝2 and 𝑝3 at the other. The momentum
transfer is 𝑝1− 𝑝4, and the bubble depends on 𝑢 = (𝑝1− 𝑝4)2.

1By convention, the connected part of the 𝑆-matrix element is written as ⟨ 𝑓 |𝑆 |𝑖⟩ =
𝑖(2𝜋)4𝛿 (4) (𝑝 𝑓 − 𝑝𝑖)M, so the Feynman rules directly compute 𝑖M. Therefore hereM (1) = −𝜆,
while the diagram gives 𝑖M (1) = −𝑖𝜆.
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The diagrams are:

𝑝1

𝑝2

𝑝3

𝑝4

ℓ

𝑠-channel
𝑝1+𝑝2 through bubble

𝑝1 𝑝3

𝑝2 𝑝4

ℓ

𝑡-channel
𝑝1−𝑝3 through bubble

𝑝1

𝑝4𝑝2

𝑝3

ℓ

𝑢-channel
𝑝1−𝑝4 through bubble

Note the key visual difference: in the 𝑠-channel, the bubble is horizontal (connecting
the incoming side to the outgoing side), while in the 𝑡- and 𝑢-channels it is vertical
(connecting top to bottom). The 𝑡- and 𝑢-channel diagrams have the same topology—
they differ only in which outgoing particle (𝑝3 or 𝑝4) is paired with 𝑝1. Physically,
the 𝑠-channel probes the total energy of the collision, while the 𝑡- and 𝑢-channels
probe the momentum transfer between specific pairs of particles.

The amplitudes are:

𝑖M𝑠 =
(−𝑖𝜆)2

2

∫
𝑑4ℓ

(2𝜋)4
𝑖

ℓ2−𝑚2+ 𝑖𝜖
· 𝑖

(ℓ− 𝑝1− 𝑝2)2−𝑚2+ 𝑖𝜖
, (4.73)

𝑖M𝑡 =
(−𝑖𝜆)2

2

∫
𝑑4ℓ

(2𝜋)4
𝑖

ℓ2−𝑚2+ 𝑖𝜖
· 𝑖

(ℓ− 𝑝1+ 𝑝3)2−𝑚2+ 𝑖𝜖
, (4.74)

𝑖M𝑢 =
(−𝑖𝜆)2

2

∫
𝑑4ℓ

(2𝜋)4
𝑖

ℓ2−𝑚2+ 𝑖𝜖
· 𝑖

(ℓ− 𝑝1+ 𝑝4)2−𝑚2+ 𝑖𝜖
. (4.75)

In each case, the factor 1/2 is the symmetry factor: the two internal propagators
can be exchanged without changing the diagram. Each amplitude is a function of
one Mandelstam variable: M𝑠 =M𝑠 (𝑠),M𝑡 =M𝑡 (𝑡),M𝑢 =M𝑢 (𝑢), reflecting
which kinematic invariant flows through the bubble.

The total one-loop correction to 2→ 2 scattering is:

𝑖M (2)2→2 = 𝑖M𝑠 + 𝑖M𝑡 + 𝑖M𝑢 . (4.76)
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Evaluation of the loop integral

Consider the generic bubble integral:

𝐼 (𝑝2) =
∫

𝑑4ℓ

(2𝜋)4
1

(ℓ2−𝑚2+ 𝑖𝜖) [(ℓ− 𝑝)2−𝑚2+ 𝑖𝜖]
. (4.77)

This integral is logarithmically divergent. To see this, note that for large |ℓ |:

𝐼 (𝑝2) ∼
∫ Λ 𝑑4ℓ

ℓ4 ∼
∫ Λ ℓ3𝑑ℓ

ℓ4 =

∫ Λ 𝑑ℓ

ℓ
∼ lnΛ . (4.78)

Dimensional regularization. The standard modern approach is to analytically
continue to 𝑑 = 4− 𝜀 dimensions:∫

𝑑4ℓ

(2𝜋)4
→ 𝜇𝜀

∫
𝑑𝑑ℓ

(2𝜋)𝑑
, (4.79)

where 𝜇 is an arbitrary mass scale introduced to keep 𝜆 dimensionless.
Using Feynman parameters and standard techniques (see Appendix), one finds:

𝐼 (𝑝2) = 𝑖

16𝜋2

[
2
𝜀
−𝛾𝐸 + ln(4𝜋) −

∫ 1

0
𝑑𝑥 ln

𝑚2− 𝑥(1− 𝑥)𝑝2

𝜇2

]
, (4.80)

where 𝛾𝐸 ≈ 0.5772 is the Euler-Mascheroni constant.
The total one-loop amplitude. Each channel contributes a copy of this integral

with 𝑝2 replaced by the corresponding Mandelstam variable: M𝑠 depends on 𝐼 (𝑠),
M𝑡 on 𝐼 (𝑡), and M𝑢 on 𝐼 (𝑢). Summing all three channels, the total one-loop
amplitude (4.76) becomes

𝑖M (1-loop) = − 𝑖𝜆
2

32𝜋2

[
6
𝜀
+finite(𝑠, 𝑡, 𝑢)

]
, (4.81)

where the factor of 6 arises because each of the three channels contributes 2/𝜀, and
the finite part is a calculable function of 𝑠, 𝑡, 𝑢 (and 𝑚2/𝜇2) from the logarithmic
integrals in (4.80).

The 6/𝜀 pole means the one-loop amplitude is UV divergent: it blows up as
𝜀→ 0 (𝑑→ 4). This divergence must be cancelled by a coupling counterterm
𝛿𝜆 of order 𝜆2—this is the subject of Chapter 6 (Renormalization). The finite
remainder is physical and contains, among other things, the logarithmic dependence
on the energy scale that drives the running of the coupling constant.
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Box 4.3 Summary: 𝜆𝜙4 Feynman rules

Propagator:
𝑖

𝑝2−𝑚2+ 𝑖𝜖
Vertex: −𝑖𝜆
Rules:

• Momentum conservation at each vertex
•

∫
𝑑4ℓ

(2𝜋)4
for each loop

• Divide by symmetry factor 𝑆
• No fermion signs (bosonic theory)

Key results:

• Tree-level 2→ 2: M = −𝜆
• One-loop integrals contain UV divergences (see Chapter on Renormal-

ization)



6 Renormalization in QED

Before tackling the renormalization of QED, we develop the key concepts in the
simpler setting of 𝜆𝜙4 theory. This scalar field theory exhibits all the essential
features of renormalization—UV divergences, counterterms, running couplings—
without the technical complications of spin and gauge invariance. Throughout this
chapter, we employ dimensional regularization, the method introduced by ’t Hooft
and Veltman [14] that preserves gauge invariance. For a comprehensive treatment
of renormalization theory, see Collins [15].

6.1 Warm-up: renormalization of 𝜆𝜙4 theory

Recall the 𝜆𝜙4 Lagrangian (see Chapter 4.3):

L =
1
2
𝜕𝜇𝜙𝜕

𝜇𝜙− 1
2
𝑚2𝜙2− 𝜆

4!
𝜙4 . (6.1)

Feynman rules for 𝜆𝜙4

Before computing loop corrections, let us collect the Feynman rules derived in
Chapter 4.3. To each element of a diagram one assigns:

Element Diagram Factor

Propagator 𝑝
𝑖

𝑝2−𝑚2+ 𝑖𝜖

Vertex −𝑖𝜆

External line 1

In addition, one must:

1. draw all topologically distinct connected diagrams at the desired order in 𝜆;
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2. impose momentum conservation at each vertex;

3. integrate
∫

𝑑4ℓ

(2𝜋)4
over each independent loop momentum;

4. divide by the symmetry factor 𝑆 of the diagram.

With these rules in hand we can identify the one-loop diagrams that require
renormalization. At order 𝜆 there is a single divergent contribution to the propagator
(the tadpole), and at order 𝜆2 there is a divergent correction to the four-point vertex
(the bubble).

Dimensional regularization: strategy

To handle the UV divergences that appear in loop integrals, we employ dimensional
regularization: the spacetime dimension is analytically continued from 4 to
𝑑 = 4−𝜀, and an arbitrary mass scale 𝜇 is introduced so that the coupling 𝜆 remains
dimensionless:∫

𝑑4ℓ

(2𝜋)4
−→ 𝜇𝜀

∫
𝑑𝑑ℓ

(2𝜋)𝑑
. (6.2)

All 𝑑-dimensional momentum integrals that arise in the following reduce, after
Feynman parametrization and a shift of the loop momentum, to the master integral

𝐽𝑛(Δ) ≡
∫

𝑑𝑑ℓ

(2𝜋)𝑑
1

(ℓ2−Δ+ 𝑖𝜖)𝑛
=

𝑖(−1)𝑛

(4𝜋)𝑑/2
Γ
(
𝑛− 𝑑

2
)

Γ(𝑛) Δ
𝑑
2−𝑛 , (6.3)

which is derived by Wick rotation to Euclidean space followed by integration in
𝑑-dimensional spherical coordinates.

Here Γ(𝑧) is the Euler gamma function, the analytic continuation of the
factorial: Γ(𝑛) = (𝑛−1)! for positive integers 𝑛, and more generally

Γ(𝑧) =
∫ ∞

0
𝑡𝑧−1𝑒−𝑡 𝑑𝑡 (Re 𝑧 > 0) , (6.4)

extended to the whole complex plane by the recurrence Γ(𝑧+ 1) = 𝑧Γ(𝑧). The
function is meromorphic: it is analytic everywhere except for simple poles at the
non-positive integers 𝑧 = 0,−1,−2, . . ., with residues

Res
𝑧=−𝑘

Γ(𝑧) = (−1)𝑘
𝑘!

, 𝑘 = 0,1,2, . . . (6.5)

Near 𝑧 = 0 one has the Laurent expansion Γ(𝑧) = 1/𝑧−𝛾𝐸 +𝑂 (𝑧), with 𝛾𝐸 ≈ 0.5772
the Euler–Mascheroni constant; the poles at negative integers follow via the
recurrence.
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