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The UV divergences of loop integrals manifest themselves precisely as these
poles: in d =4 — & the argument n —d /2 = n—2+ &/2 hits a non-positive integer
exactly when n < 2, producing a 1/¢ singularity. For example, the tadpole (n = 1)
needs I'(1 -d/2) =T'(-1+&/2), which has a pole at £ = 0—the tadpole has
superficial degree of divergence 2, and in dimensional regularization this manifests
as a 1/& pole multiplied by m? rather than as an explicit A2. The bubble (1 = 2)
needs ['(2—-d/2) =T'(g/2), with a pole encoding the logarithmic divergence. For
n > 3 the argument is strictly positive at € = 0 and the integral is UV finite.

Since the manipulations involved (Feynman parametrization, momentum shift,
reduction to J,,, expansion around & = 0) are rather mechanical—but instructive on
first encounter—we present them here only in outline, deferring the fully detailed,
step-by-step calculations to Appendix G and the explicit QED computations in
Chapter 7.1.

The tadpole: mass renormalization

The one-loop correction to the propagator comes from the tadpole diagram:

Reading the diagram with the Feynman rules: one vertex (—id), one internal
propagator (i/(£*> —m? +i€)), and a symmetry factor S = 2. The origin of this
factor is as follows: at the vertex, four ¢-legs meet. Two of them are connected to
the external lines, and the remaining two are contracted with each other to form
the loop. Swapping these two internal legs yields exactly the same diagram—the
loop propagator starts and ends at the same vertex regardless of which leg we call
“first.” This discrete exchange symmetry means the naive Feynman rules overcount
by a factor of 2, so we divide by § = 2. Equivalently, the two orientations of the
loop momentum (clockwise or counterclockwise) correspond to the same single
contraction.! This gives:

—id d*t i
2m)4 2 —m? +ie’

—1 Ztadpole = (6.6)

Power counting. For large |¢|, the integrand behaves as 1/£2. Since d*¢ ~ £3d¢:

4 A p3
/df /fdé’ A2 6.7)

'A quick combinatorial check: the vertex carries (—id)/4!, and there are (;) = 6 ways to choose
which two legs form the loop, times 2! = 2 ways to assign the remaining two legs to the two external
lines, giving 12 distinct contractions. Since 4!/12 =2 = §, this confirms S = 2.
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The integral is quadratically divergent.

Evaluation in dimensional regularization. In d = 4 — ¢ dimensions, the
tadpole integral is a special case of the master integral (6.3) with n = 1 and A = m?.
Expanding around & = 0:”

dit 1 —im? [2 2

‘ m
H (Zﬂ)dfz—mZ = 16722 E—)/E +1I1(47Z')—1I1ﬁ+1 +0(8), (6.8)

where yg ~ 0.5772 is the Euler—Mascheroni constant. The 2/& pole encodes the
quadratic divergence that was ~ A? in the cutoff language.

The appearance of the logarithm should not be viewed as an artificial trick of the
expansion. In dimensional regularization the loop integral is analytically continued
away from d = 4, so dimensional analysis naturally produces factors such as u®
and (m?)7¢/2. Near d = 4 these combine into

e &/2 P e (12 )
(W) = CXP[EIH(ﬁ)] = 1+51n(ﬁ) +0(8 ),
x4 =1

so the logarithm is the derivative of a power with respect to its exponent, liII(l) =
a— a

Inx, rather than an arbitrary rewriting. What is scheme-dependent is only which
finite combination is subtracted together with the pole—for example, in MS one
absorbs the ubiquitous combination 2/& — yg + In(4x) into the definition of the
renormalized parameter. Combining now with the vertex factor and the symmetry
factor:

—idm? [2 2
12—y +In(dm) -In = 1. (6.9)
u

_lztadpole = W a

The self-energy X computed above is a one-particle irreducible (1P]) insertion: it
cannot be split into two disconnected pieces by cutting a single internal line. The full
(dressed) propagator is obtained by resumming all possible chains of 1PI insertions
on the bare propagator. Denoting the bare propagator by Go(p) = i/(p> —m?) and
the 1PI self-energy by —i%, the dressed propagator is the geometric series

Gy B ]
1+i2Gy p?-m2-%’
(6.10)

G(p)=Go+Go(=i%) Go+Go (=iZ) G (—iZ) Go+- - =

Diagrammatically, this resummation reads:

2The renormalization scale does not disappear: it combines with the factor (m?)'~4/2 from (6.3).
Indeed, p®(m*)' =22 = m*(u?/m?)*/* = m?[1 + £In(u*/m?) + O(?)], which is why the final
answer contains the term —In(m?/u?).
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where the double dashed line denotes the full (dressed) propagator, single dashed
lines are bare propagators G, and each shaded blob is a 1PI self-energy insertion
—i2. This is just an algebraic identity: each 1PI blob is inserted between two bare
propagators, and the infinite sum is a geometric series in (—iX) - Go.

A caveat on the meaning of X. The blob —iX in the picture is not just the one-loop
tadpole: by construction X denotes the sum of all 1PI self-energy diagrams, at
every order in 4. One might worry that the chain above misses diagrams in which
a self-energy correction sits inside another self-energy correction (a “bubble on
top of a bubble,” a tadpole dressing the internal line of another tadpole, a sunset,
etc.). It does not: any such diagram is either itself 1PI—in which case it is a
higher-order contribution to a single blob X—or it is 1P-reducible, and is then
uniquely decomposed into a chain of strictly smaller 1PI blobs joined by single bare
propagators, which is precisely what the geometric series sums. The partition of all
propagator corrections into (chains of) 1PI pieces is unique; this is what makes
the Dyson resummation an identity, not an approximation. In this sense, writing
2 ~ Xdpole 18 a truncation of the exact identity at order A: at two loops X receives
new 1PI contributions that are not generated by chaining one-loop tadpoles. Two
characteristic examples in ¢* theory are the sunset and the nested tadpole:

sunset (2 vertices, 3 internal lines) nested tadpole

The sunset has two vertices joined by three internal propagators, with one external
leg at each vertex (total: 2 x4 = 8 legs, 2 external plus 2 X3 = 6 accounted for by
the three internal lines). Cutting any single line leaves the diagram connected, so it
is genuinely 1PI and cannot be reduced to a chain of one-loop tadpoles. The nested
tadpole has a one-loop tadpole attached to the main line at vertex wi, but the
internal propagator of that loop is itself dressed by another one-loop tadpole at w»;
again, no single cut disconnects it. Both diagrams are genuine O(A?) contributions
to 2~ and must be included separately when one goes beyond leading order.

Using the one-loop result X = X,qp0le, the full (dressed) propagator becomes
: - : 6.11)

p2 —m?— Ztaldpole p2 - mghys + 0(/12) ’

where we defined the physical (renormalized) mass

mops = M + Ztadpole - (6.12)
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The key point is that Xqp0le 18 UV-divergent, so the bare mass m? appearing in
the Lagrangian (6.1) is not the physically measured mass. Instead, the bare mass
must itself be divergent, chosen so that the combination m? + 2tadpole yields a finite,
measurable quantity m?> ohys® This is the essence of mass renormalization: the
divergence is not in any observable—lt is absorbed into the unobservable bare
parameter of the Lagrangian.

The bubble: coupling renormalization

The one-loop correction to 2 — 2 scattering involves bubble diagrams in the s, ¢,
and u channels:

Reading the s-channel diagram with the Feynman rules: two vertices ((—iu®1)?),
two internal propagators, a loop integration, and a symmetry factor S = 2 (the two
internal lines can be interchanged). Setting P = p + p»:

(—ipf)? [ di i i
2 (2n)4 2 —m? (£—P)2—m?’

iM, = (6.13)

Power counting. For large |£|, the integrand behaves as 1/£*:

4 A p3
/df /%~1n/\ (6.14)

The integral is logarithmically divergent.

Evaluation in dimensional regularization. One introduces a single Feynman
parameter x to combine the two denominators, shifts the loop momentum £ — € +xP,
and then applies the master integral (6.3) with n = 2 and A = m?> —x(1 —x)s. The
result is

die 1 i

M= | ma @D pr—mt] 162 |2

—ye+In(4n) - F(s)|,
(6.15)

where s = P? and F(s) is the finite kinematic function (which depends on the
renormalization scale u)

1 2 1
F(s)=/0 dxIn 2 x/jzl *)s (6.16)




6.1 Warm-up: renormalization of 1¢* theory 251

The full details of the Feynman-parameter technique and the evaluation of J, are
given in Appendix G.

Carefully tracking the signs, (—iuf1)? = —u?¢A? from the vertices and (i) (i) =
from the two propagators combine to glve an overall +u%°1%/2, so that z/\/(s =
(ufA?/2) I(s). Summing the three channels gives

2 [6
ipO-toop) _ (JTHATNO G| (6.17)
327r2 P>
so that, to order A2, the full 2 — 2 amplitude reads
. e iufA? 3
IM(s,t,u) = —iu®A + 3922 +ﬁn1te(s t,u)|+0(1°). (6.18)

Bare vs physical coupling. Exactly as for the mass, the parameter A that appears
in the Lagrangian (6.1) is the bare coupling, and it is not the quantity measured in a
scattering experiment. The physical (renormalized) coupling Aphys 18 defined as the
value of the amplitude —i M at some reference kinematic point, say the symmetric
point sg =ty = ug = 4m§hys /3:

Aphys = —M (50,20, up) . (6.19)
Reading this off from (6.18) and using Aphys = —M = pfAd — (u?1%/327%)[6/ +

finite], one finds schematically

ﬂe/lZ

32n%|¢

Aphys = HEA — = +finite| + 0 (%), (6.20)

Since at leading order u®A = Appys + O (/llzahys), this relation can be inverted iteratively.
Writing finitey = finite(so, fo,uo) for the finite part evaluated at the reference
kinematic point, one obtains

2

/lphys 6

HEA = Aphys + Foy] e — + finiteg +0(/lphys) (6.21)

In particular, the singular part of the bare coupling is

322,
L 1 + finite,
1672 ¢
so that Appys 18 finite precisely if the bare A is divergent, with its divergence chosen to
cancel the 6/& pole of the bubble. This is the essence of coupling renormalization:
just as for the mass, the divergence sits in the unobservable bare parameter, not in
any measured quantity.
At this stage we have only established the existence of such a redefinition; the
systematic machinery that implements it—counterterms, renormalization constants
Z,, and the freedom in the finite part (the choice of scheme)—is developed in the

next subsection.

A = Aphys +
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Counterterms and the renormalized Lagrangian

We have seen that loop corrections produce UV-divergent shifts to the mass and
the coupling constant. The strategy of renormalization is to recognize that the
parameters m and A appearing in the original Lagrangian (6.1) are not the physically
measured quantities—they are bare (unobservable) parameters. The divergences
are not a sickness of the theory; they are simply telling us that the relation between
bare and physical parameters involves infinite corrections.

To make this systematic, we introduce renormalization constants Zy, Z,,, Z,
and write the Lagrangian as

1 1 AZ
L=5240u00" ¢~ 5 Zum*$* — 1 0", (6.22)

where m and A are now the renormalized (finite) parameters, whose precise values
depend on the renormalization scheme and scale. The perturbative expansion is
counted in powers of this renormalized coupling 4, not in powers of the poles in &.
Accordingly, each renormalization factor has the structure

n

= C
k
Z:1+§ Ay 25
ok
n=1 k=1

with numerical coefficients c,; fixed order by order. Thus a term such as 1%/¢ is
still an O (A?) contribution: the pole is part of the regulator-dependent coefficient,
not an extra power of the coupling. These divergent coefficients are chosen so that,
at each order in A, the poles from the Z-factors cancel the poles coming from loop
integrals before the limit € — 0 is taken.

The idea is best understood by splitting the Lagrangian into two pieces: L =
Lien + Lct, Where

Lia = %fw "¢ - %m%z —/f%cb“ (6.23)
has exactly the same form as the original Lagrangian (but now with renormalized
parameters), and L collects the counterterms—the leftover pieces. Let us derive
L explicitly.

Step 1: Splitting the Lagrangian. Start from the bare Lagrangian (6.22) and
peel off the renormalized part (6.23). Writing Zy = 1+64 and Z,, = 1 —6,,, one
finds

1 21 2 1 2
§Z¢ (0¢)" = 2(3¢) +25¢ (09)°, (6.24)

1 1 1
—5 mm2¢2 = —Emzqﬁz + Edm m2¢2 , (625)
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where the second line uses Z,, = 1 =8, i.e. —(1 = 6,,)m? = =m? + 6,,m>. Similarly
for the coupling: defining 6, = A(Z, — 1), the quartic term splits as

AZ)

Pl )
4 _ & 4 s_/l4
—u4—!¢— u4!¢ u4!¢-

Collecting all the leftover pieces:

1 1 0,

Lo =704 5ﬂ¢5”¢+55m m*¢* — m ! (6.26)
with

Sp=Zp—1,  Om=1=Zpn, S1=A(Zi-1). (6.27)

Notice the sign asymmetry: 64 = Z4— 1 but 6,, = 1 — Z,,. This traces back to the
fact that the kinetic and mass terms have opposite signs in the Lagrangian (+% (0¢)?
Vs —%ngbz), so peeling oft L., produces different signs for the two residuals. The
payoft is that §,, > O (the counterterm adds a positive correction to the propagator),
which will make the cancellation of divergences transparent.

Step 2: Deriving the counterterm Feynman rules. Since £ has the same
monomial structure as L., it generates new vertices in the Feynman rules. The
recipe is the same as for any interaction term in the Lagrangian:

1. Identify the relevant monomial in the interaction Lagrangian. Recall that in
the Dyson series (Chapter 3), the nth-order term contains

(—i)" / d*xp - d*x, Hi(x) - Hi(x,),

and the interaction Hamiltonian density is H; = — L. The two minus signs
(—i and — L) combine to give a factor of +i for each vertex: a term c ¢” in Ly
produces a vertex factor starting with i X c.

2. Go to momentum space, replacing each ¢(x) by its Fourier transform ¢(p)
and each derivative 9, by —ip,. The integral / d*x over the vertex position
produces a momentum-conserving (27)*6Y (3 p;).

3. Count the combinatorial factor: n identical fields can be contracted with n
external legs in n! ways; this cancels the 1/n! in front of the monomial (if
present).

Let us work through each counterterm.

e Mass counterterm: The monomial is +%6mm2¢2. This is a two-point vertex
(two ¢-legs meeting at a single point). Going to momentum space: the field
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¢(x) is replaced by ¢(p) = [ d*x ¢(x) €'’ and a product ¢(x)? at the same
spacetime point becomes, after integrating over x:

4
/ d*x ¢(x)* = / (621;;4 ¢(p)d(-p).

(The d-function from f d*x e!(P1+P2) forces p> = —p1.) Therefore the contri-
bution to the action is:

. 1 d'p . -
S > i 50’ / S P F(-p). 6.28)

The vertex has two ¢-fields (¢, and ¢, say) and two external legs carrying
momenta p and —p. There are 2! = 2 ways to assign which field contracts
with which leg:

Assignment 1: Assignment 2:
P P P P
Pa b b Pa

Both assignments give the same integral, so the Wick contractions produce a
factor of 2. But the Lagrangian monomial carries % SO: % x2=1.

What about the fields ¢(p)¢(—p) and the integral [ d*p/(27)*? These are
not part of the vertex factor—they represent the external legs of the diagram
(the incoming and outgoing propagators). The Feynman rule for a vertex is
the “kernel” that remains after stripping off all external propagators and field
operators. What is left is simply

mass counterterm vertex: + 10, m>. (6.29)

Field-strength counterterm: The monomial is +%6¢ (0u¢) (0 ¢). Go-
ing to momentum space, each derivative d,¢(x) becomes (—ip,)d(p),
so (0,¢)(0*¢) produces a factor (—ip,)(ip") = p?, where p is the four-
momentum flowing through the vertex. The same % vs 2! cancellation as for
the mass counterterm yields

field-strength counterterm vertex: +1i0y p2 . (6.30)

Note that p? here is not set equal to m?: this counterterm is inserted on an
internal propagator line where the particle is generically off-shell (p? # m?).
Its role is to correct the momentum dependence of the propagator (wave-
function renormalization), unlike the mass counterterm which shifts only the
constant part.
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* Coupling counterterm: The monomial is —u® %(/54. This is a four-point

vertex. Four external legs can connect to the four ¢-fields in 4! = 24 ways; the

1 . .
71 cancels this, leaving

coupling counterterm vertex: —iu®s,. (6.31)

These counterterm vertices are drawn with a cross (®) to distinguish them from
ordinary vertices:

Counterterm Diagram Feynman rule
Mass (6,,) _____ R ---- 18, m>

Field strength (64)  _____ Q- ---- i0¢ p?
Coupling (6,) @ —iufs,

Step 3: Consistency check—does the propagator come out right? The
mass and field-strength counterterms both insert on the propagator line, giving a
combined two-point vertex factor

VY =i(6yp>+6,m?). (6.32)

Inserting this into the Dyson series for the propagator:

[ [

G(p) =G0+G()-Vc(t2)-G0+...:

which is indeed the propagator from the bare Lagrangian (6.22). The two
approaches—working directly with the bare Lagrangian or treating counterterms
as extra Feynman rules—give the same result, as they must.

Step 4: How counterterms cancel divergences, order by order.

The key idea is simple: counterterm vertices are used exactly like ordinary
vertices—insert them into diagrams, multiply by the appropriate factor, and integrate
over internal momenta as usual. At each order in perturbation theory, we choose
the counterterm coeflicients (6,,, 64, 6,) so that the sum of all diagrams at that
order is UV finite. Let us see how this works explicitly at order A and order 12,

At order A: mass renormalization. The only one-loop correction to the
propagator is the tadpole. It contributes a self-energy insertion —iX,dpole, Which is
UV divergent (it contains a 2/& pole). At the same order in A, the mass counterterm
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8, (which is itself O (1)) contributes a vertex +id,,m> on the propagator line. The
renormalized self-energy is their sum:

renormalized: _____ & ,,,,, + & ---- = finite. (6.34)

In formulas, using the tadpole result (6.9):

—iAm? (2

~iZadpole +i6,m* = el s finite | + i8,,m> . (6.35)
The 2/ pole cancels if we choose 6, = 32/17 [% + (scheme-dependent finite part)] :

What remains is a finite, calculable correction to the propagator—physically, a shift
of the mass.

At order 1%: coupling renormalization. The one-loop correction to 2 — 2
scattering comes from the three bubble diagrams (the s-, t-, and u-channel diagrams
derived above). Each bubble is O(A?) and logarithmically divergent. At the same
order, the coupling counterterm &, (which is O (1?)) contributes a single tree-level
diagram with a ® vertex:

renormalized: \‘::{A\K”' + () + (w) + & = finite. (6.36)

_- N ~

Equivalently, at order 12 one can write explicitly
IMien(s,t,u) = —iu®Ad — iu®o, + iMUP) (g 1wy (6.37)

so the UV pole in i M(1-1°°P) s cancelled by choosing ¢, with the same coefficient
and opposite sign. The three bubbles together give a divergence proportional to
31%/(1672¢) (the factor of 3 because there are three channels). The counterterm
vertex contributes —iu®d,. The divergence cancels if §; = % [% + ﬁnite]. The
remaining finite part is a measurable correction to the scattering amplitude—the

one-loop renormalization of the coupling constant.

The pattern. At each order in A, the counterterms contain just enough free
parameters to absorb all the 1/& poles. This works because 1¢* is renormalizable:
the divergences at any loop order have the same structure as terms already present
in the Lagrangian (¢2, (0¢)?, ¢*), so they can always be absorbed by adjusting 6,,,,
04, and 6,. No new types of counterterms are ever needed.

Using the one-loop results from the tadpole (6.9) and the bubble (6.15), we can
read off the renormalization constants at one loop:

Zy=1+ 0(/12) (no wave function renormalization at one loop), (6.38)
A (2

Zp=1——— = +finite] + 0 (1?), (6.39)
32n% \e
31 (2

Zy=1+ Z +finite | + 0 (2?). (6.40)
32n% \e
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Since Z,, < 1, we have ¢,, = 1 -7, > 0: the counterterm correction is positive,
precisely compensating the positive loop self-energy. The fact that Z, = 1 at one
loop reflects the absence of a one-loop correction to the propagator’s momentum
dependence in ¢* theory (the tadpole is momentum-independent). The “finite”
parts depend on the choice of renormalization scheme, as we discuss next.

Renormalization schemes

The counterterms must cancel the 2/& divergences—but nothing prevents us from
also subtracting some finite amount. This freedom is not a bug; it simply reflects
a choice of what we mean by m and A. Different conventions define different
renormalization schemes.

To see concretely how this works, consider the mass counterterm. From (6.9),
the divergent self-energy is

Am? [2 2
12— ye+In(@dn) -In S +1. (6.41)
u

Ztad ole = ~~ ~
P 322 |e

We must choose d,, to cancel the divergence. The simplest option: subtract only
the pole.

e MS (minimal subtraction): Set

ms_ 4 2

0, = e (6.42)
The counterterm removes the divergence and nothing else. The renormalized
mass m then differs from the physical mass by a finite, calculable shift.

« MS (modified minimal subtraction): In practice, the combination 2/& —yg +
In(47) appears in every dimensionally regularized integral. It is convenient
to subtract all of it at once:

v
oMS = Ty [g —VE +1n(47r)] . (6.43)

This is by far the most widely used scheme in modern particle physics.
* On-shell scheme: Subtract everything so that the renormalized mass equals
the physical mass (the pole of the propagator):

A |2 2
598 = [——)/E #In(4m) —In T + 1
E

=5 : (6.44)

1.e. 6,913 = Ztadpole/mz, so that the correction to the propagator vanishes

identically at p? = m?.
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All three schemes remove the divergence; they differ only in how much finite
“leftover” is absorbed into the definition of m. But physical observables cannot
depend on this bookkeeping choice. Let us prove this explicitly.
Explicit proof: the physical mass is scheme-independent.
The physical (pole) mass mzh is defined as the location of the pole of the full
phys
propagator:

M2y = M+ Ziadpole = Omm”, (6.45)

where m is the renormalized mass parameter and ¢, is the counterterm—both
scheme-dependent. To connect this with the original bare theory, recall from (6.22)
that the mass term in the Lagrangian is

1 2,2
_5 mim ¢ .
This is just the original bare mass term written in renormalized variables, so it is

natural to define
m(z) = Z,m> = (1=6,)m>.

Thus m% is not a new physical quantity introduced out of nowhere: it is simply the

bare mass parameter of the theory, rewritten in terms of the renormalized mass
and the counterterm. The key point is that, for a fixed regularized theory, m% 1S
held fixed while different renormalization schemes merely reshuffle how much of it

is called “renormalized parameter” and how much is called “counterterm”:

mé =(1=6,) m = mghys = mé + Ztadpole - (6.46)

At the one-loop level, my and Xgpole (computed with the bare propagator) do
not depend on the scheme, so neither does mphys. (At higher orders, one must
be more careful: the loop integrals themselves depend on which mass appears in
the propagator, and the scheme independence of mppys follows from the all-orders
structure of the counterterms.) Let us verify scheme independence explicitly at one
loop by direct calculation in two different schemes.

In the MS scheme: The renormalized mass is mys and
v A |2
MS _
0, = 2 [; —VE +1n(47r)] .

The renormalized self-energy (tadpole minus counterterm) is:

D
/lmlz\Ts [ mi/[_s iTs )
=2 |5 ve +1In(4n) - ln7 +1] - 3902 [E —YE +1n(47r)]
s [ s (6.47)
3272 2 '




6.1 Warm-up: renormalization of 1¢* theory 259

The 1/ pole has cancelled, and we are left with a finite correction. The physical
mass is:

m2_ 2
2 2 MS MS 2
My = Mg+ = | 1=In—5 | + 0 (%), (6.48)

In the on-shell scheme: By construction, 625 = Ztadpole/ m%s, SO:
(O] OS2
Zren = Ztadpole -0 m Mos = 2tadpole - 2tadpole =0.

The physical mass is:

m2, = mhg+0=mdg. (6.49)

phys ~

Are these the same? Yes! From (6.48), the MS mass is related to the on-shell
mass by

2 2 miﬁ iﬁ 2
maog = mM_S+ 3072 I-1In 7 + 0(/1 ) , (6.50)
2

which is precisely (6.48). Both routes give the same my
is what an experiment measures.

hys—they must, SinCe Mppys

The physical picture. A renormalization scheme is nothing but a bookkeep-
ing convention: it dictates how to split a fixed, scheme-independent total into
“parameter” and “loop correction.”

Renormalized parameter Loop correction

2 _ .2 oS _
On-shell Mas = Mopes 2a=0

2 2 MS
MS M Mo en #0

2 =m?+X., (same in both cases)

Sum (physical) My =

In the on-shell scheme, the parameter does all the work and the loop correction
vanishes; in MS, the parameter absorbs less and the loop correction carries the rest.
The observable is always the sum, which is scheme-independent.
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Summary: Renormalization of 1¢*

Divergent diagrams:

« Tadpole (mass correction): quadratically divergent ~ A>
* Bubble (vertex correction): logarithmically divergent ~ In A

Counterterms: Z,, cancels mass divergence, Z, cancels coupling divergence

Key lesson: The same structure applies to QED, but with the complication
of spin and gauge invariance. The Ward identity constrains the counterterms,
leaving only three independent renormalization constants.

“Because the renormalization scale u is arbitrary, the bare coupling 4y cannot depend on
it. Requiring pdAy/du = 0 implies that the renormalized coupling A must run with y; the
rate of change is the beta function 8(1) = udA/du = 31>/ (167%) + O(23). Since B > 0, the
coupling grows with energy and eventually hits a Landau pole, signalling the breakdown of
perturbation theory: ¢* theory is not asymptotically free. We will return to the beta function
in detail when discussing QED.
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Introduction: why QED needs renormalization

When we compute higher-order corrections in quantum electrodynamics, we
encounter loop integrals that diverge in the ultraviolet (UV). These divergences are
not a sign that the theory is sick; rather, they signal that the “bare” parameters in the
Lagrangian (eg, mo)—that is, the charge and mass appearing in the unrenormalized
Lagrangian—are not the physical quantities we measure. Renormalization is the
systematic procedure that absorbs these infinities into redefinitions of the parameters
and fields, leaving finite predictions for observables.

One-particle irreducible (1PI) diagrams. Recall that a Feynman diagram is
called 1PI if it cannot be disconnected by cutting a single internal line (we already
encountered this concept when resumming the self-energy in (6.10)). Diagrams
that can be split by cutting one line are called one-particle reducible (1PR).

1PI (irreducible) 1PR (reducible)

B S e S o

Cannot be split by Cutting the middle line
cutting one line disconnects the diagram

Why 1PI diagrams matter. The 1PI diagrams are the fundamental building blocks
of perturbation theory for several reasons:

1. No double counting: Any Feynman diagram can be uniquely decomposed
into 1PI subdiagrams connected by single propagators. Working with 1PI
diagrams avoids overcounting contributions.

2. Generating functionals: The effective action I'[¢] (the Legendre transform
of the generating functional W[J]) generates precisely the 1PI diagrams. This
is why I is also called the “1PI generating functional.””

3. Self-energies and vertex functions: The physically meaningful corrections
to propagators (self-energies %, IT) and vertices (I'#) are defined as sums of
1PI diagrams. The full propagator is then obtained by resumming all 1PI
insertions via a geometric series (Dyson equation).

3The idea, briefly, is the following. One introduces an external source J(x) coupled linearly
to the field, and defines a generating functional Z[J] whose functional derivatives yield all
correlation functions. Taking W[J] = —ilnZ[J] selects only the connected diagrams. One then
defines the classical field ¢.(x) = 6W /6J(x), which represents the vacuum expectation value of
the field in the presence of J. The effective action I'[¢.] is the Legendre transform of W[J]:
o]l =WI[J] - / d*x J(x) ¢(x). The key result is that the functional derivatives of I" evaluated
at J = 0 generate precisely the 1PI vertex functions—the amputated, connected Green functions
that cannot be disconnected by cutting a single internal line. For a standard derivation, see
Peskin—Schroeder [6], Ch. 11.
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4. Renormalization: Only the 1PI Green functions need to be renormalized.
Once the divergences in 1PI diagrams are cancelled by counterterms, all
higher-order diagrams (built from 1PI blocks) become automatically finite.

The three primitively divergent one-loop diagrams in QED. At one loop, only
three classes of 1PI diagrams are UV divergent by power counting. These are the
building blocks from which all higher-order divergences are constructed:

(¢) Vertex correction

(a) Photon self-energy (b) Electron self-energy
. 1 _ 1
inm* (k) =0 (E) —-iX(p)=0 (2)

+iel' " =0 (l)

€
A note on signs. The relative sign in the definitions ieéH’”(k) and —iX(p) is a
matter of convention, chosen so that the Dyson-resummed propagators take the
standard forms D! (k) ~ k% — e(z)HT(kz) for the photon and S~! (p) ~p—mo—2(p)
for the electron. It does not reflect a physical sign difference between the two
effects. Part of the asymmetry is also notational: for the photon we factor out an
explicit 6(2) from the insertion, whereas for the electron self-energy the coupling
dependence is included directly in Z(p).
These diagrams represent:

* (a) Vacuum polarization I1"”(k): a virtual e*e™ pair modifies the photon
propagator. This leads to charge renormalization and a running coupling
a(Q?), where for spacelike exchange Q% = —k? > 0.

* (b) Electron self-energy X(p): the electron emits and reabsorbs a virtual
photon. This shifts the electron mass (mgy — m) and requires wave-function
renormalization (Z>).

* (¢) Vertex correction I'#: quantum fluctuations modify the electron-photon
coupling. Combined with the self-energy, this determines Z; and ensures
gauge invariance via the Ward identity Z; = Z5.

Naive power counting from the integrands. We can determine the degree of
divergence of each diagram by inspecting the large-k behaviour of the loop integral,
exactly as we did for ¢* theory.

* Photon self-energy I[1"”(g): one loop with two fermion propagators (~ 1/k
each at large k, since they are linear in k):

d*k t[y* ky ¥] /Ak3dk-k2
Qn)4 k2 k2 k*

| Cld ~ A? (quadratically divergent).
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(6.51)

* Electron self-energy X(p): one fermion and one photon propagator in the
loop (~ 1/k and ~ 1/k? at large k):

z

d*k yF kv, /Ak3dk-k

~ e 3 A (linearly divergent). (6.52)

* Vertex correction A“(p’, p): two fermion and one photon propagator (~ 1/k>
in total at large k):

d*k vy ky*ky,

A,U ~
2m)* k2-k2-k2

A g3 2
k’dk -k
~ / 6 InA (logarithmically divergent).
(6.53)

However, gauge invariance (the Ward—Takahashi identity) reduces the actual
degree of divergence: the photon self-energy becomes logarithmic rather than
quadratic, and the electron self-energy becomes logarithmic rather than linear.
All three divergences are ultimately logarithmic, i.e., poles ~ 1/& in dimensional
regularization. A systematic classification via the superficial degree of divergence
will be developed in Section 6.7.

The counterterm strategy. The bare Lagrangian is rewritten in terms of renormal-
ized fields and parameters plus counterterms:

Lo=Lien+6L, (6.54)

where 6 L contains (Z, — 1), m, (Z3—1), and (Z; — 1) contributions that generate
counterterm vertices. These counterterms are chosen so that the sum of loop
diagrams plus counterterm insertions is UV finite. The following sections develop
this program in detail for each of the three primitively divergent structures.

6.2 Photon self-energy in QED

Physical interpretation: vacuum polarization

The photon self-energy, also known as vacuum polarization, represents one of
the most profound effects in quantum electrodynamics: the quantum vacuum is not
“empty”” but rather a boiling sea of virtual electron-positron pairs that constantly
pop in and out of existence. When a photon propagates through the vacuum, it can
temporarily convert into such a virtual e* e pair, which then annihilates back into a
photon. This process modifies the effective photon propagator and has far-reaching
physical consequences:
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« Charge screening: At large distances (low momenta |k?| < m?), the virtual

pairs partially screen the “bare” electric charge. The observed charge e is
smaller than the bare charge e( that would be measured at infinitesimally short
distances.

Polarized vacuum Effective charge
around a positive source e.qi(r) seen by a probe
@ ﬂ el —

N )

NN = screened

& 0 eo resolved

&2 Pt e

& QQ N

r—0 r>s>m-

The left panel illustrates how virtual e*e™ pairs orient themselves around a
positive source charge: the negative ends of the dipoles are attracted inward,
partially cancelling the field seen at large distances. The right panel shows the
resulting effective charge e.(r): at distances r > 1/m (the electron Compton
wavelength), the full screening is in effect and one measures e.gq = e; asr — 0,
the screening is penetrated and e.gq — eg > e.

Running coupling: At short distances (equivalently, for large spacelike
momentum transfer Q2 = —k? > m?), less screening occurs, so the effective
coupling a(Q?) increases with Q?. This is the famous “running of the QED
coupling,” verified experimentally at LEP and other high-energy experiments.
Lamb shift contribution: The vacuum polarization modifies the Coulomb
potential at short distances, contributing (at order a>m) to the Lamb shift in
hydrogen. This was one of the first precision tests of QED.

Muon g —2: Vacuum polarization loops (including hadronic contributions)
are crucial ingredients in the theoretical prediction of the anomalous magnetic
moment of the muon.

The calculation below shows how the vacuum polarization tensor IT*” (k) arises

from a one-loop Feynman diagram and how gauge invariance (the Ward identity)
constrains it to be purely transverse: IT#" (k) = (k*g"¥ — kHk")T1(k?).

From the Mgller diagram to a self-energy insertion (explicit derivation and

diagrams)

We illustrate how the photon self-energy (vacuum polarization) appears as an

insertion into an internal photon line, starting from the tree-level (one-photon
exchange) contribution to Mgller scattering. For the purposes of this subsection, it
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is enough to treat the external fermion lines as conserved currents; the same algebra
applies to many other QED processes.
Tree-level amplitude as “current X propagator X current”.

Let p1, p2 be the incoming electron momenta and ps3, p4 the outgoing ones.
Define the momentum transfer

k=pi—p3=ps—p2. (6.55)
The ¢-channel one-photon exchange amplitude can be written as
iMO) = (=ieg)? L_l(p3))/au(p1)] (iDFap(k)) [ﬁ(m)yﬁu(pz) : (6.56)
It is convenient to introduce the external currents
JH (k) =a(p3)y u(pr), Iy (k) = id(pa)y u(p). (6.57)
so that
iM©O = (=ieg)2J (=) (iDpap(k)) J5 (k). (6.58)
e (p1) > (p3)
k
e (p2) p e”(p4)

Tree-level z-channel exchange (one photon with momentum k).

The one-loop vacuum polarization insertion.
Now consider the correction where the internal photon propagator is modified
by a vacuum polarization subdiagram. At order eg, the corresponding amplitude is

iMU) = (=ieg)2J2(=k) (iD o (k) (1217 (k) (iD prp(k)) JE (K) . (6.59)

Comparing (6.58) and (6.59), we read off the replacement rule for an internal
photon line (to this order):

iDFag(k) — iDpap(k) +iDpay(k) (ieglT" (k))iDFyp(k) . (6.60)

This is precisely the statement that the self-energy behaves like a 1P1 insertion on
the propagator.

e (p1) —>—e ¢ (p3)

e~ (p2) ﬁ e~ (pa)

Vacuum polarization insertion (fermion loop) on the exchanged photon.
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Explicit expression for I1#” (k)
The inserted blob is the 1PI photon two-point function. At one loop (electron

loop), its definition in momentum space is

d? i(p+m i(p+k+m
pTr[# (p 0)7v (p+K+mo) |

(2m)d p2-mi+ie” (p+k)>—mj+ie

iegII* (k) = (=1) (—ieq) /

0
(6.61)
Collecting the factors of 7 and rearranging yields the more compact form
iy Ty (prmo)y (pe ke mo)|
ied 1 (k) = — e? (6.62)

0 ) @2y (p2=mZ+ie) ((p+ k)2 = m3+ie) |

The overall minus sign comes from the fermion loop.
Why the insertion modifies only the transverse propagator in physical ampli-
tudes.

When the photon is exchanged between on-shell external fermions, the currents
are conserved:

kod¥(=k) =0,  kgtb(k)=0, (6.63)

so any part of the corrected propagator proportional to k, or kg drops out from the
amplitude. In this context (physical amplitudes with conserved external currents),
one can decompose I1#”(k) into transverse and longitudinal pieces and keep
only the transverse part; the longitudinal part does not contribute. Note that this
simplification applies specifically to amplitudes sandwiched between conserved
currents; for off-shell Green functions or internal subdiagrams, the full tensor
structure must be retained.

Geometric-series resummation of self-energy insertions

The vacuum-polarization subdiagram is a /Pl two-point insertion on a photon
line. Algebraically, it behaves like a matrix (in Lorentz indices) inserted between
two free propagators. We write iDg "(k) for the free photon propagator and define
the shorthand

()" (k) = iedI* (k) (6.64)

for the full 1PI vacuum-polarization insertion (i.e. the blob including the coupling
factors e(z)). The parentheses around {11 distinguish this combined object from the
stripped tensor IT#” (without eé).

Step 1: write the series with repeated insertions. If we allow any number of
vacuum-polarization insertions on the same internal photon line, the contribution
to the effective propagator is the Neumann (geometric) series

iDM (k) = iDL (k) +iDh (k) (illap(k)) iDL’ (k)
+iDh® (k) (iTlap (k) iDEY (k) (iTL,5(k)) iDE (k) +--+ . (6.65)
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Schematically, suppressing Lorentz indices:
Do+ D()(iH)D() + D()(iH)D()(iH)D() +--

Step 2: factor out one free propagator and identify the geometric structure.
Define the Lorentz-index matrix (at fixed k)

(M (k))", = (iTL(k))", (iDo(k))", . (6.66)
Then each term in (6.65) has the form

iDo (il1iDgy)" =iDoM", (6.67)
so the full series becomes

iD= iDo (14 M+M>+--) (6.68)
Formally (as a matrix series), for sufficiently small coupling this sums to

1+M+M>+---=(1-M)"". (6.69)
Substituting (6.69) into (6.68) gives

iD=iDy(1-M)", (6.70)

Step 3: rewrite the result in the standard Dyson form. Using the definition
(6.66),

1-M =1-(ill) (iDo) = (iDg) ™" (iDo) — (iTl) (Do)
=|@Do)" - (| (iDy). (6.71)
SO
-1
(1=M)~" = (iDg)"~! [(il)o)—1 - (iH)] . 6.72)
Plugging (6.72) into (6.70) yields the compact resummed propagator
Dy (k)
8o = (iM)ap(k)iDy (k)

iDY (k) = ([(mo)—l - (iH)]_I)W (k) = (6.73)

Here the final fraction is a compact notation for the inverse matrix in Lorentz-index
space; explicitly,
1
80" = (ill)qpiD}”

= [1-(I)(iDo)] ™" o
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Equation (6.73) is the propagator-level Dyson equation. Recalling that (iT1)*” =
] e(z)l'[/”, this reads

D '=Dg'-el1. (6.74)

Step 4: check explicitly in Feynman gauge (scalar-like geometric sum).* In
Feynman gauge,

—igh”
k2+ie’

iDhY (k) = (iDy") v (k) = i(k* +i€) g - (6.75)

Why the geometric series becomes scalar: dropping longitudinal pieces.
Inside a physical scattering amplitude, the photon propagator is never used as a

free-standing object: it is always sandwiched between conserved currents. This

kills any longitudinal contribution proportional to the external momentum k*.

1. Decompose [1#” (k) into transverse and longitudinal parts. Lorentz covariance

allows

I# (k) = —g"" A(K?) + k* kY B(k?) . (6.76)

Equivalently (and more transparently for gauge invariance), define the transverse
projector

kHkY
k2
It is called “transverse” because it projects any vector onto the subspace orthogonal
to k*: contracting with k,, gives k, P}’ = k” —k”(k*/k?) = 0. In other words, P}
kills the component of a vector along k and keeps only the part transverse to k.
One easily verifies that it is indeed a projector: PL."Pro” = P4
Any symmetric tensor built from g#” and k¥ can be written as
kHkY
k2

PY (k) = g™ - (6.77)

I, (k%), (6.78)

" (k) = P (k) T (K*) +

for scalar functions Il7,II;. The two parametrizations are related by simple linear
combinations:

kHkY kH kY
—g"A+kHKB = | gt - I + I1;. (6.79)
k2 k2
“The free photon propagator in a general covariant gauge is iDg Y(k) = kzjig [g By —(1-¢ %] ,

where £ is the gauge parameter. Feynman gauge corresponds to &€ = 1, for which the propagator
reduces to —ig"” /(k? +ie)—proportional to the metric, with no k#k” term. This greatly simplifies
calculations because the propagator acquires the same Lorentz structure as a scalar propagator (times
gh”), and the k#k” terms that would generate complicated tensor integrals are absent. Physical
results are gauge-independent (as guaranteed by the Ward identity), so we are free to choose the
gauge that makes the calculation simplest.
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In a gauge-invariant regularization (e.g. dimensional regularization) the Ward
identity implies transversality of the vacuum polarization,

k, II* (k) =0, (6.80)

which forces IT; (k%) = 0, i.e. TI* is purely transverse.

Dictionary of notations for the vacuum polarization

Several equivalent parametrizations of the stripped tensor IT#” (k) are used in
this section and in the literature. They are all related as follows.
(i) The A, B parametrization (Mandl-Shaw convention):

17 (k) = —g"" A(k?) + k* k" B(k?) .
(ii) The transverse/longitudinal decomposition:

kHk”

v 1 (k?).

" (k) = P (k) T (K*) +

(iii) The gauge-invariant scalar function IT(k?), defined when IT#” is trans-
verse:

7 (k) = (k2" — kHk") TI(k?).

Relations. Comparing (i) and (iii) term by term (—g“* A + k*k”B = k*g""TI —
kHEVTT):

A(k?)

AGRY) = —TI(), B = ~TI(K) = =3

And from (i) vs (ii): Iy = —A = k°T1, TII; = —A + k*B = 0 (when the Ward
identity holds).

In the text below, we use primarily A(k?) (following Mandl-Shaw) and the
relation A(0) = 0 (from gauge invariance). The key points are:

* In a current sandwich, only A matters (the B term drops out by current
conservation).

* A(k?) vanishes at k? = 0 (photon stays massless).

o A(k*) = k*[A’(0) +T1.(k?)], where A’(0) is the UV-divergent constant
and II. the finite remainder.

2. Why longitudinal pieces drop out even without invoking (6.80). Take any
amplitude in which a photon line of momentum k is exchanged between two
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electromagnetic currents J f and JJ. The relevant factor has the form

M D Jy,(=k) DV (k) Jay (k). (6.81)
For on-shell external fermions, the currents are conserved:

kﬂjf(—k) =0, kyJ) (k) =0. (6.82)

Indeed, using k = p| — p3 = p4 — p> and the on-shell Dirac equations (p —m)u(p) =
0 and @t(p)(p —m) =0, we find

k| (=k) =a(p3)ku(p1) = a(p3)(p, — py)u(p) = i(p3)(m—m)u(p;) =0,
kyJy (k) = a(pa)ku(p2) =ia(ps)(p,—p,)u(p2) =i(ps)(m—m)u(pz) =0.
(6.83)

Now consider any term in D*¥ (k) proportional to k* or k. For example, suppose

kHEk”
k2

D*V(k) = Dy (k) P” (k) + D (k) (6.84)

Then the longitudinal part contributes to (6.81) as

Ty (k) [DL(k) %‘ Joy (k) = D’;{gk) (J1(=k)-k) (k-Jo(k)) =0,  (6.85)

by (6.82). Therefore, in any amplitude where the photon propagator is sandwiched
between conserved currents, longitudinal pieces do not contribute—independently
of the gauge choice and even if the regularization produced an unphysical longitu-
dinal component.

3. How this simplifies the geometric series in Feynman gauge. In Feynman

gauge,
_lg:uv
k2 +ie

iDM” (k) = (6.86)

When we insert I[1#” (k) between propagators and then sandwich between conserved
currents, we are free to replace IT#” (k) by its transverse part only:

" (k) ~» PR (k)7 (k?), (6.87)

because the difference is proportional to k# and/or k" and vanishes by (6.85). If
one instead uses the A, B parametrization (6.76), then in a current sandwich

J1 7 (k) Jpy = —A(K?) J1-Ja+ B(K?) (J1-k) (k-J2)
= —A(k*) J-Ja, (6.88)
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so the B term drops out explicitly.

With (6.87), each insertion effectively carries the same Lorentz structure
(transverse projector) and the series becomes “‘scalar-like”: the resummation acts
only on the scalar coefficient of the transverse piece, while the longitudinal sector
is irrelevant for the physical amplitude. Concretely, the dressed propagator in a
conserved-current sandwich can be written as

DM (k) ~o !

PYV (k) + (any longitudinal part),  (6.89)
k2+i€—e(2)HT(k2) r (k) yIone P
and the “any longitudinal part” does not contribute to (6.81) because of (6.85).
Bottom line. The phrase “drop longitudinal pieces” means: for physical ampli-
tudes built from conserved currents, terms proportional to k¥ or kY vanish upon
contraction. This makes the geometric-series resummation effectively scalar (it
resums only the transverse scalar function), even though the full propagator is a
tensor.

Then the n-th term in (6.65) reduces to a scalar geometric factor times g*”:
—igh (—e(z)A(kz)

n

iDo (iT1iDg)" ~»

6.90
k2+ie| kZ+ie ( )

To see this, note that each insertion gives the scalar factor (iIT) - (iDg) ~» (—i e%A) :
2

i €0A
k2+ie = k’+ie

. Summing n =0,1,2,... gives

. 00 2 2y \"
. —igh” —eA(k?)
D" (k
DA )Wk2+ie; k% +ie

_joHY 1 —jolV
:kZ’g. =% TR 6.91)
+zel+eOA(k) k*+ie+eyA(k=)
k%+ie

Expanding the final expression to first order in e(2) reproduces the first two terms
Do+ Do(iIT) Dy in (6.65), so the resummation is consistent order-by-order.
What this means physically. The geometric series is simply the statement that
a propagator can contain any number of 1Pl two-point insertions. Summing
them reorganizes the perturbation expansion into a dressed propagator with an
effective denominator, as in (6.73) (matrix form) and (6.91) (scalarized form in a
conserved-current sandwich).

Regularization and gauge-invariant assumptions

The loop integral (6.62) defining the vacuum polarization is ultraviolet divergent
for large loop momentum p. A simple illustrative regularization is to multiply the
integrand by a convergence factor

—A2 2

p? —Az) ’

f(p*A%) = ( (6.92)
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where A is a cut-off parameter. For fixed large A, the integral becomes convergent;
sending A — oo formally restores the original theory.

In what follows we assume the theory has been regularized in a way that is
compatible with gauge invariance and preserves a massless photon in the appropriate
limit. In particular, we assume that after regularization all quantities we manipulate
(notably the scalar functions introduced below) are finite, and that the photon
remains massless (pole at k2 = 0).

Explicit algebra for the modified propagator

Applying the results of the previous subsection, we now perform the explicit
algebra in Feynman gauge. Using the replacement IT#" (k) ~» —gH” A(k?) (valid in
physical amplitudes), the single-insertion formula (6.60) yields

_igaﬁ _iga,B _iga,u ( o) n ) ) _igv[a’
+ len[—g""A(k
k2 +ie k2+ie kZ+ie ol=g" AK)] k2 +ie
_ —i8ap ie(z)A(kz)gaﬁ
- k2+ie (k%2 +i€)?
_e%A(kz)
k2 +ie

_ _iga/ﬂ
k2 +ie

(6.93)

Since (after regularization) A (k?) is finite, the bracket in (6.93) can be recognized
as the first terms in the expansion of a shifted denominator:

—igap [l_egA(kZ) —igap K> +ie—elA(K?)

k2 +ie k2+ie | k2+ie k2 +ie

. _iga,B
k2 +ie+eiA(k?)

+0(ep), (6.94)

which is the usual geometric-series resummation to this order.

Massless photon condition and the decomposition of A(k?)

The bare photon propagator has a pole at k2 = 0 (massless photon). After
including vacuum polarization, the modified propagator (6.94) reads

_igaﬂ
k2 +ie+elA(k?)

(6.94)

This propagator has its pole where the denominator vanishes: k? + eéA(kz) =0. If
the photon is to remain massless (pole at k? = 0), we need e%A(O) =0, 1.e.

A(0) =0. (6.95)

This condition is not an extra assumption: it follows from gauge invariance. In
a gauge-invariant regularization (such as dimensional regularization), the Ward
identity (6.80) forces the vacuum polarization to be purely transverse:

I (k) = (k*g" — k*k”)TL(K?).
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Comparing with the parametrization
1% (k) = —g"" A(k?) + k" k" B(k?),

we see that the coefficient of g must be proportional to k?:
A(k?) = —k*T1(K>).

Hence A(0) = 0 automatically. Equivalently, if A(0) were nonzero, the denominator
of the propagator would behave near k2 = 0 like k2 + e%A(O), which would shift the

pole away from zero and act like a photon mass term. But a mass term %m%A uAF
is not gauge invariant. Thus gauge invariance protects the photon mass: no photon
mass term is generated by quantum corrections.

Therefore A(k?) must vanish at least linearly as k> — 0, and we may write

A(K?) = K2A’(0) + K°TL.(k2), (6.96)

where

dA(k?)

A(0)=A'(k*=0) = 20D |y’

(6.97)

and IT.(k?) collects the terms beyond the linear one. In particular, I1.(0) = 0, so
that k°T1.(k?) is of higher order in k? near the origin.

Charge renormalization extracted from the modified propagator

In scattering amplitudes, an internal photon propagator comes with two QED
vertices, hence with a factor e(z). For this reason it is convenient to consider the
combination e%D r, rather than the propagator by itself, and apply (6.93) to that
combination. This is the object that actually appears in the lowest-order exchange
amplitude, so the constant part of the vacuum-polarization correction can be
absorbed into the definition of the renormalized electric charge. Multiplying (6.93)
by eZ and substituting (6.96) gives

_iga'ﬁ 62 _iga'ﬁ 62 1 e%A(kz)
k2 +ie © k2 +ie © k2 +ie

 —igap [1 g (KA(0) +k2Hc(k2))]

_k2+ie€0 k2 +ie
—i8ap 2[ 2 7 ] I8ap 412 2

= — 1-e;A(0)| + —————e  k“T1.(k7). 6.98
k2 +ie €0 €A’ (0) (k% +i€)? €0 (k%) (6.98)

The first term on the right-hand side is the original propagator multiplied by a
constant factor. It is therefore natural to define the renormalized charge e by

= e [1 - e(z)A’(O)], (6.99)
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so that all lowest-order amplitudes expressed in terms of e automatically include
the constant part of the photon self-energy correction.
Equivalently, introduce the renormalization constant Z3 by

e’ = 73 e(z), or equivalently e= Z,; / 26(). (6.100)
This is the four-dimensional form used in this subsection; in dimensional regulariza-
tion one writes equivalently u€/%e = Z31 / 260 once Z| = Z, is imposed. Comparing
with (6.99), we read off

Zy=1-¢5A'(0) +O(ep). (6.101)

Expanding the square root then gives, to this order,

e = egyl1-€2A'(0) = e [1 _ %e%A’(O) +0(eh]|. (6.102)

This introduces no new physical content: it is simply the perturbative form of the
definition of the renormalized charge. Its practical role is to show that, at one-loop
order, bare and renormalized couplings differ only beyond the order to which we
are working, so eg can be replaced by e consistently in higher-order terms.

We now want to express the result entirely in terms of the renormalized charge
e rather than the bare charge eg. From (6.99), e(z) =e?+0(e?), i.e. ¢g and e differ
only at order e?.

The first term of (6.98) is e(z)[l - e(Z)A’(O)]/(k2 +i€), which is €2/ (k? +i€) by
definition (6.99)—here the replacement is exact.

The second term is already of order eg (it carries an explicit factor eg). Replacing

g — ¢* introduces an error of order eg x O(e?) = O(e%), which is beyond the
accuracy of our one-loop calculation (order e*). Therefore, to order e, we may
freely write eg — e in the second term.

The final result for the photon propagator (times the two charges) becomes

e

—i8ap o2 —18ap o2+ i8ap
k2+ie ° k% +ie (k%2 +i€)?
Interpretation of the result.
Equation (6.103) separates the photon self-energy effect into:

e P TL (k%) + O (). (6.103)

* a constant renormalization of the charge, encoded in e? via (6.99) (this part
contains the UV divergence through A’(0));

« a momentum-dependent remainder proportional to I1.(k?); after the renormal-
ization implied above, this is the non-constant part of the vacuum polarization
that survives in physical radiative corrections.

The explicit evaluation of 1. (k?) (and of the divergent constant A’(0) in dimensional
regularization) is carried out in detail in Section 7.1.
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