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FRUSTRATED MAGNETS

Chapitre I − Frustration dans un système magnétique 
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Un exemple classique est celui du verre de spin Cu1-xMnx, où le manganèse magnétique est 

distribué aléatoirement sur le réseau métallique hôte des cuivre non magnétiques. La frustration 

provient de la nature RKKY de l’interaction Mn-Mn, oscillante et changeant de signe avec la 

distance 1/kF, où kF est le vecteur de Fermi du réseau hôte. 

 

I.2. Frustration géométrique 
Deux processus distincts peuvent conduire à la frustration géométrique : 

 

Frustration par la géométrie du réseau. Considérons un triangle avec spins Ising (Fig. I-2). Une 

interaction spin-spin AF entraîne l’impossibilité de satisfaire les trois interactions en même temps : 

on a bien de la frustration, mais elle trouve ici sa source dans la géométrie du réseau. Tout réseau à 

base de triangles avec des interactions AF entre premiers voisins est frustré. 

 

 

 

 

 

 

 

 

 

 

Figure I-2 : Triangle avec spins Ising en interaction AF. La frustration est géométrique, sans désordre. 

 

 

 Frustration par la « géométrie » des interactions. Considérons l’exemple du réseau « carré avec 

interactions croisées » (Fig. I-3). Dans la Fig. I-3a, les spins sont au sommet d’un carré, couplés 

seulement avec leurs proches voisins par une interaction AF (J1>0), sans frustration. Si on introduit 

une interaction J2, AF ou F, entre seconds voisins, donc suivant la diagonale du carré, le système 

est géométriquement frustré dès lors que | J1/J2 |=.5 (Fig. I-3b). Tout écart à cette valeur 

« critique » fait basculer le système dans un état ordonné à T=0 K différent suivant que J1>.5 | J2 | 

ou J1<.5 | J2 | (Fig. I-3c), ainsi la valeur | J1/J2 |=.5 peut être considérée comme un point critique 

quantique. Le réseau « carré avec interactions croisées » est un exemple de réseau frustré par la 

« géométrie » des interactions. On trouvera dans l’ouvrage de Liebmann une présentation de 

l’ensemble de ces réseaux [Liebmann, 1986]. 
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Figure I-3 : (a) Réseau carré avec interactions AF (J1>0). (b) Réseau carré avec interactions croisées. 

L’interaction J2 (F ou AF) est suivant la diagonale des carrés. (c) Le réseau carré avec interactions croisées est 

frustré si | J2/J1 |=.5. Pour  des spins Heisenberg, si | J2/J1 |<<1 le système présente un ordre de Néel à T=0 K, 

et si | J2/J1 |>>1 le système présente un ordre « colinéaire » à T=0 K. 

 

 

L’expérimentateur a peu de contrôle sur l’amplitude des interactions, et la grande majorité des 

composés géométriquement frustrés qu’on rencontre dans la nature sont des réseaux AF à base de 

triangles. A notre connaissance, seul les composés LiVOSiO4 et LiVOGeO4 de spin S=1/2 

Heisenberg pourraient présenter une frustration géométrique induite par les interactions [Millet, 

1998 ; Melzi, 2000]. Dans la suite, nous nous focaliserons exclusivement sur la frustration par la 

géométrie du réseau. 

Nous présentons dans la Fig. I-4 des exemples de réseaux à base de triangles. L’exemple le 

plus simple est le réseau triangulaire (d=2) constitué de triangles possédant des côtés en commun. Le 

réseau kagomé1 (d=2) est construit à partir du réseau triangulaire en supprimant un site sur deux, 

une rangée sur deux ; il est défini par le pavage d’un motif ayant la forme d’une étoile de David ou 

d’un nœud papillon. Les triangles, contrairement au réseau triangulaire, ont des sommets en commun. 

                                                 
1 kagomé : du japonais « kago » qui veut dire panier, et  « mé » qui veut dire réseau. Le réseau kagomé est un 

maillage caractéristique de certains paniers japonais. 

Colinéaire Néel

J1>0 

(a) (b)
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Frustration
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Figure I-4 : Exemples de réseaux géométriquement frustrés à base de triangles et/ou tétraèdres. Les réseaux 

triangulaire (d=2) et CFC (d=3) sont à côtés en commun. Les réseaux kagomé (d=2), pyrochlore (d=3), garnet 

(d=3), et bi-couche kagomé (quasi-2d) présentent seulement des sommets en commun. 
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Figure I-5 : La chiralité d’un triangle est définie par le sens de rotation des trois spins A, B, C autour d’un axe 

perpendiculaire au triangle. La chiralité est positive lorsque la rotation est dans le sens anti-horaire. (a) Pour le 

réseau triangulaire la chiralité d’un triangle fixe la chiralité de l’ensemble des triangles. (b) Pour le réseau kagomé, la 

chiralité d’un triangle n’est pas suffisante à fixer la chiralité de l’ensemble des triangles.  
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This is a spin liquid to remarkably low T

Chapitre III − SrCr9pGa12-9pO19 : structure et échantillons 65 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure III-4 : Schéma de la structure de SrCr9pGa12-9pO19. Le couplage entre la bi-couche kagomé et les paires 

isolées de Cr(4fvi)-Cr(4fvi) est proche du couplage C de Cr2O3 (Tab. III-2). 

 

 

température de SrCr9pGa12-9pO19 est représentatif de la physique liée à la frustration 
géométrique de la bi-couche kagomé. 

Certes, la bi-couche kagomé rend l’interprétation théorique plus complexe qu’un système 

purement kagomé. Néanmoins, SrCr9pGa12-9pO19 est idéal sous bon nombre d’aspects. Nous avons 

déjà mentionné que toute interaction dans le hamiltonien magnétique, autre que celle entre 

premiers voisins, est susceptible de détruire la nature liquide de l’état fondamental d’un système 

géométriquement frustré à base de plaquettes triangulaires. Ces interactions sont ici négligeables 

par rapport au couplage Cr-Cr de la bi-couche kagomé : l’énergie d’anisotropie de site de Cr3+ est 

≈0.08 K [Ohta, 1996], l’interaction dipolaire ≈0.13 K, les interactions seconds voisins ont pour 

origine le superéchange et, comme dans Cr2O3, sont vraisemblablement <4 K [Samuelsen, 1970]. 

Ces détails microscopiques ne sont peut-être pas étrangers au comportement type liquide de spins 

observé dans SrCr9pGa12-9pO19. 

 

II. Les échantillons 

L’étude présentée dans ce mémoire porte sur des poudres polycristallines de SrCr9pGa12-9pO19 

de concentration, ou taux de couverture magnétique, p=.72, .81, .89, .90 et .95. Les échantillons 

proviennent de deux sources différentes : p=.81, .89 et .95 de G. Collin et N. Blanchard, p=.72 et 

Jpaires= 216 K 

Jfrustr ≈100 K 

Paires isolées  de Cr(4fvi)-Cr(4fvi) 

Bi-couche kagomé 
SrCr9pGa12�9pO19

Cr3+

p = 1

Magnetic Non magnetic
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Doping with Ga which is non-magnetic
2
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FIG. 1: a) The Cr atoms in SCGO form a lattice made up of
kagome bilayers separated from each other by a layer of iso-
lated dimers consisting of pairs of Cr atoms. Each kagome bi-
layer is a corner sharing arrangement of tetrahedra and trian-
gles made up of two Kagome lattices that are coupled to each
other through “apical” Cr sites shared between up-pointing
and down-pointing tetrahedra. Links between near-neighbour
Cr sites in each bilayer represent a Heisenberg exchange cou-
pling J = 80 K between neighbouring Cr3+ spins, while links
in the isolated dimer layer represent a Heisenberg exchange
coupling J ′ = 216 K between the two Cr3+ ions that con-
stitute each pair. Two vacancies in a triangle (green circles)
leave behind an orphan spin. b) The 12 Cr3+ sites (black)
that are hyperfine coupled to a given Ga(4f) site (red) in the
SCGO lattice.

so-called (4f) crystallographic position in the SCGO lat-
tice (Fig 1). We therefore focus below on this particular
case, although our analytical low temperature, low field
results apply more generally to orphan-texture complexes
surrounding isolated defective simplices in kagome, py-
rochlore and SCGO lattices.
SCGO is described by the classical Hamiltonian:

H =
J

2

∑

!

(
∑

i∈!

!Si −
gLµB

!h

2J
)2 +

J

2

∑

"

(
∑

i∈"

!Si −
gLµB

!h

2J
)2

where !Si are classical length-S spins (S = 3/2 for SCGO)
with saturation moment gLS in units of the Bohr mag-
neton µB (gL = 2 for SCGO), J is the nearest-neighbour
Heisenberg exchange coupling (J " 80K for SCGO[4]),
and !h is the external field. ! refers to the tetrahedra
that consisting of a triangle in a kagome layer attached
to an apical spin in the triangular layer (Fig 1), while ∆
refers to those triangles in the kagome layer which are
not associated with an apical spin.
Here, we model the pure p = 1 system in terms of

an effective free energy functional F that incorporates
the energetics of the antiferromagnetic interactions J on
an equal footing with entropic effects of thermal fluctua-
tions:

F = H({!φi}) +
T

2

∑

i

ρi!φ
2
i

The unconstrained effective field !φi serves as a surro-
gate for the microscopic fixed-length spin variables !Si,
with the statistical weight of a field configuration {!φi}

being proportional to exp(−F/T ). H({!φi}) is the clas-
sical Hamiltonian of the system now written in terms of
!φi, and the phenomenological stiffness constants ρi are
fixed by requiring that the mean length of !φi equal S
within the effective theory: 〈!φ2

i 〉F = S2[9]. For a back-
ground to this approach for pure systems, see the review
by Henley[10].
To incorporate disorder effects in diluted p < 1 sam-

ples, we assume that the stiffness constants do not change
significantly from their pure values, but extend the ef-
fective theory in two important ways: First, we model
vacancies in the lattice by setting !φi to zero on vacancy
sites. Secondly and more crucially, as the fixed length na-
ture of an orphan spin on a defective simplex is expected
to play a central role, we retain it as a microscopic length-
S spin and do not introduce an effective field variable at
such sites.
We now use this effective theory to analyze the SCGO

magnet with a single defective triangle, i.e. two vacancies
on one triangle of the SCGO lattice (Fig 1). In this case,
the effective theory reduces to a length-S orphan spin S!n
(!n2 = 1) coupled to a constrained Gaussian theory for
!φi (with constraints !φi = 0 at the two vacancy sites).
Focusing first on the orphan spin S!n in this defective
triangle by integrating out the !φ fields, we find[9] that the
exchange field from the surrounding spin liquid “screens”
exactly half the external magnetic field on the orphan
spin in the low temperature, low field spin liquid regime,
yielding a spin S variable that “sees” a magnetic field
h/2, and therefore develops a polarization equal to that
of a free classical spin S in a field h/2. This striking
prediction is fully confirmed by Monte-Carlo studies[9]
of the classical SCGO magnet with one defective triangle
(see Fig 2 (a)), which also reveal that this prediction is
surprisingly robust, remaining accurate for temperatures
as high as T ∼ 0.1JS2 for this example.
Next, we turn to a detailed description of the extended

spin texture that cloaks this orphan spin in the spin-
liquid regime. In addition to the uniform external field
!h = hẑ that acts on all the !φi in the constrained Gaussian
action, this orphan spin polarization also gives rise to a
local exchange field that acts in the ẑ direction on !φi

at the two undiluted sites adjacent to the orphan spin.
The extended spin texture surrounding the orphan spin
is modeled within the effective theory by calculating the
response 〈φz

i 〉F to these fields[9]. At T = 0, the computed
texture’s envelope decays as 1/|!r| away from the orphan
spin, while the overall scale is set by the orphan spin’s
saturation magnetization. At finite-T and small fields in
the spin-liquid regime, the power law envelope is cut off
by a thermally introduced finite correlation length ξ ∼
1/

√
T , endowing it with an effective size ξd ∼ 1/T d/2 in d

dimensions; in our d = 2 example, this gives a spatial size
∼ 1/T scaling identically with the overall magnetization
scale of the texture, which is set by the orphan spin’s
susceptibility ∼ 1/T . These predictions are compared

The important situation is when two Ga fall in the same 
simplex 

This leaves behind orphan spin Cr
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Montecarlo simulations show that effectively

H =
X

ij

Jeff (rij)Si · Sj
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FIG. 8. (Top panel)“Charge” correlator calculated between
triangular simplices on the same layer in the SCGO lattice.
(Bottom panel) The effective interaction for two orphans
in the same layer (upper curve) and different layers (lower
curve). System size used is L = 200.

where J (y) is seen to have the asymptotic behaviour

J (!y) ∼ log |!y| for |!y| " 1

J (!y) ∼ exp(−|!y|) for |!y| $ 1 (40)

The dependence on sublattice index η leads to another
interesting observation upon noting that all triangular
simplices on the upper Kagome layer have η = +1, while
all triangular simplices on the lower Kagome layer have
η = −1. Therefore, two orphans in the same layer in-
teract antiferromagnetically and have a vanishing net
Curie response in the limit of low fields and temperatures
smaller than this interaction scale. On the other hand,
two orphans in opposite layers couple ferromagnetically,
leading to an enhanced Curie tail due to a ‘restituted’
moment equal to that of a full free spin S! Note that
this restituted moment arises because most of the spin-
density that leads to the fractional moment of S/2 for a
single orphan is localized close to it, as we discussed in
the previous section. It is also interesting to note that
this behaviour is in sharp contrast to that of the spin

textures themselves, which are screened at T = 0 when
the orphans are in opposite layers, since a “charge” zero
“dipole” formed by two orphans on opposite layers leads
to a 1/r2 far-field behavior instead of the 1/r profile of a
single spin texture at T = 0.

Fig. 9 shows that the effective field theory computa-
tion for Jeff (!r, T ) agrees very well with the effective in-
teraction obtained from direct simulations of the O(3)
Heisenberg model with vacancies. In the simulations,
we create two orphan spins by removing two vacancies
each from the chosen triangular simplices. Because of
the complicated geometry of the lattice, many symmetry
inequivalent choices are possible and here we show three
of them. We monitor 〈!S(0) · !S(!r)〉 in the simulations at
different !r and various (low) temperatures, where !S(0)
and !S(!r) refer to the two orphan spins. This quantity is
then computed using the effective field theory result for
Jeff (!r, T ) and the agreement is excellent in all the cases.
The effective field theory computations which were done
on finite lattices for SCGO, also capture the finite-size
effects in the system very well.

The probability distribution of x = !S(0)·!S(!r) obtained
from the MC simulations (see Fig 10) can also be fully
matched to P (x) ∝ exp(−Jeff (!r, T )x) to rule out inter-

action terms of the form (!S1 · !S2)2 which are not for-
bidden on symmetry grounds, but appear to be absent.
Finally, we note that one may in principle plug this infor-
mation back in and obtain the response of the surround-
ing spin liquid to this pair of interacting orphan spins,
and thereby compute the low-temperature behaviour of
this system of two interacting orphan-texture complexes
(as emphasized earlier in our detailed summary of the
effective field theory computations).

D. Three orphans: Absence of multi-spin
interactions

From the structure of the effective action for the
Lagrange-multiplier fields detailed earlier, it is clear that
our effective field theory always gives pair-wise interac-
tions even when the number of orphan spins is greater
than two. This is a strong prediction. The way we
check this from our numerics is to place the three orphan
spins in a symmetric equilateral triangle configuration as
shown in Fig 11.

The first calculation we do is to calculate 〈(!S1 + !S2 +
!S3)2〉 for a given system size L and inverse temperature
β from the effective field theory and check it with the
result obtained from a pair-wise Jeff (!r) interaction (see
previous section). The agreement is extremely good. We
show in the table below the results from runs at L = 32
at βJ = 256 for four different separations (see Fig 11 for
the configuration chosen in these runs).
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The long-range correlations of the spin liquid 
implies long-range interactions of the orphan 

spins

H =
X

ij

Jeff (rij)Si · Sj

the locations of the spins are random



LONG RANGE SPIN 
GLASS

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

y

H =
X

ij

Jeff (rij)Si · Sj

Frustration+disorder

Does it have a 
spin glass phase?



LONG RANGE SPIN 
GLASS

6 Correlation Length

From the Non-linear susceptibility at wave vectors !k = (0, 0), (2πL , 0), (0, 2πL ), we
compute the correlation length (Fig. 6) according to:

ξL =
1

2 sin(kmin/2)

(

χSG(0)

χSG(!kmin)
− 1

)1/2

, (13)

where we consider in this expression χSG(!kmin) =
χ( 2π

L
,0)+χ(0, 2π

L
)

2 .
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Figure 6: Correlation length as a function of coupling strength.

7 Binder ratio of the “Overlap-Tensor”

From a knowledge of the “Overlap-Tensor” we were able to calculate furthermore
the following ratio, which is related to the Binder cumulant, and was earlier used
as an indicator of the Spin Glass phase transition:

〈Q4〉

〈Q2〉2
, (14)

where the numerator is more precisely given by:

〈Q4〉(0,0) =

〈





∑

α,β

(Qα,β
(0,0))

2





2
〉

, (15)

while the denominator is related to the non-linear susceptibility on the (0, 0)
wave vector:

〈Q2〉2(0,0) =

(

χ(0, 0)

N

)2

. (16)

The ratio given above is plotted in Fig. 7.
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Divergences in the large coupling limit
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Figure 4: Staggered magnetization as a function of coupling strength.

5 Non-linear Susceptibility at !k = (0, 0)

This observable was computed through the “Ovelap-Tensor” measuring the
“spin overlap” between two systems independently simulating one same dis-
order realization:

χ("k) = N
∑

α,β

〈|Qα,β
#k

|2〉, (11)

where

Qα,β
#k

(t) =
1

N

∑

i

Sα
i,1(t)S

β
i,2(t)e

i#k·#ri . (12)

The Non-Linear susceptibility for 0 wave vector is shown in Fig. 5.
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Details:

6 Correlation Length

From the Non-linear susceptibility at wave vectors !k = (0, 0), (2πL , 0), (0, 2πL ), we
compute the correlation length (Fig. 6) according to:

ξL =
1

2 sin(kmin/2)

(

χSG(0)

χSG(!kmin)
− 1

)1/2

, (13)

where we consider in this expression χSG(!kmin) =
χ( 2π

L
,0)+χ(0, 2π

L
)

2 .

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0  4  8  12  16  20

ξ 
/ 
L

A

Corr. Length
x = 0.10, Log

L = 10
L = 20
L = 30
L = 40
L = 50
L = 60

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0  10  20  30  40  50  60  70

ξ 
/ 
L

A / π

Corr. Length
x = 0.10, LGF

L = 10
L = 20
L = 30
L = 40
L = 50

Figure 6: Correlation length as a function of coupling strength.

7 Binder ratio of the “Overlap-Tensor”

From a knowledge of the “Overlap-Tensor” we were able to calculate furthermore
the following ratio, which is related to the Binder cumulant, and was earlier used
as an indicator of the Spin Glass phase transition:

〈Q4〉

〈Q2〉2
, (14)

where the numerator is more precisely given by:

〈Q4〉(0,0) =

〈





∑

α,β

(Qα,β
(0,0))

2





2
〉

, (15)

while the denominator is related to the non-linear susceptibility on the (0, 0)
wave vector:

〈Q2〉2(0,0) =

(

χ(0, 0)

N

)2

. (16)

The ratio given above is plotted in Fig. 7.
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LONG RANGE SPIN 
GLASS

Still in the working:

a) Is it really a glassy phase?
b) Does it look like a long-range (SK-like) or short 

range (d=2) SG?
c) What is the critical phase?

d) What about many local minima in the SG 
phase?



CONCLUSIONS

Thank you and Merry Christmas in the 
city of Santa Claus


