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PROBABILITY DENSITY FUNCTIONS
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Probability Density Function (p.d.f.) - |

2> Probability distribution function (aka p.d.f.): distribution of the probability for a RV to assume a certain value among those allowed

In other words: the p.d.f. of a RV is the law which rules the assumption of a certain value by the RV in one measurement/experiment

We will see during this course that: the link between experiment and theoretical model indeed happens through the p.d.f,,
that is predicted by the model to describe (the result of) an experiment

2> Consider a discrete random variable x having more than one possible elementary result, that is (x4, ..., xy) each occurring with a probability
P(x;), wherei =1, ..., N, thus associated to each of the possible results.
The function that associates the probability P(x;) to each possible value x; is called probability distribution.
Note : the result of an event is not predictable but - instead - the probability distribution of the results can be known.
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Probability Density Function (p.d.f.) - |

2> Probability distribution function (aka p.d.f.): distribution of the probability for a RV to assume a certain value among those allowed

In other words: the p.d.f. of a RV is the law which rules the assumption of a certain value by the RV in one measurement/experiment

We will see during this course that: the link between experiment and theoretical model indeed happens through the p.d.f,,
that is predicted by the model to describe (the result of) an experiment

2> Consider a discrete random variable x having more than one possible elementary result, that is (x4, ..., xy) each occurring with a probability
P(x;), wherei =1, ..., N, thus associated to each of the possible results.
The function that associates the probability P(x;) to each possible value x; is called probability distribution.
Note : the result of an event is not predictable but - instead - the probability distribution of the results can be known.

The probability of a random event E corresponding to a set of distinct possible elementary results (xg,, ..., Xg,)
where XE; € Q = (xq,..,xy) forallj =1, ...,K, is, according to the 3" Kolmogorov’s axiom, given by:

K K
P U {xg } ) = P({xs,, ) x5, }) = P(E) = Z P(xz,)
j=1 j=1 N
From the 2" Kolmogorov’s axiom, the probability of the event Q corresponding to the set of all possible values must be: Z P(xi) =1
=1
From the 1t Kolmogorov’s axiom: P (xEj) >0Vj=P(EcQ)=0 (normalization
condition)
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Probability Density Function (p.d.f.) - i

2> Most quantities of interest to us are continuous, thus we will treat mainly the continuous case.
The discrete probability introduced in the previous slide can be generalized to the continuous case with the replacement ... 2 = j
Q
Q

In the discrete case we deal with a genuine probability function; in the continuous case we must introduce a probability density function!

3 Let us consider a sample space Q € R™. Each random experiment will lead to a measurement corresponding to one point X € (.
We can associate a probability density f(X) = f(xq, ..., x,,) to any point X € Q. Of course, f(xX) = 0 (15t axiom).

The probability of an event A with A € (), namely the probability that X € A is given by : P(A) = jA f(xq, e, x)d™x
The function f(X) is called probability density function p.d.f. | The function f (x4, ..., x;,)d™x can be interpreted as differential probability.

The normalization condition can be expressed as:f Flxq, o, xp)d"x =1
Q

>
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Probability Density Function (p.d.f.) - i

2> Most guantities of interest to us are continuous, thus we will treat mainly the continuous case.
The discrete probability introduced in the previous slide can be generalized to the continuous case with the replacement ... 2 = j
Q
Q

In the discrete case we deal with a genuine probability function; in the continuous case we must introduce a probability density function!

3 Let us consider a sample space Q € R™. Each random experiment will lead to a measurement corresponding to one point X € (.
We can associate a probability density f(X) = f(xq, ..., x,,) to any point X € Q. Of course, f(xX) = 0 (15t axiom).

The probability of an event A with A € (), namely the probability that X € A is given by : P(A) = jA f(xq, e, x)d™x
The function f(X) is called probability density function p.d.f. | The function f (x4, ..., x;,)d™x can be interpreted as differential probability.

The normalization condition can be expressed as:f Flxq, o, xp)d"x =1
Q

2 In1dim: Probability of the outcome X to be within the continuous interval of possible values [X,X + dx] is Px=X=x+dx)=f(x)-dx

+00
The p.d.f. f(x) is of course normalized by the condition : j f(x)dx =1
—00

It can be verified that :
the p.d.f. corresponds to an histogram of the RV x normalized to the unity area in the limit for which ... - the bin width > 0

- the total # of entries 2
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Cumulative Distribution Function (c.d.f.)

The cumulative distribution function (c.d.f.) is the probability that the value of a
r.v. will be < a specific value. The c.d.f. 1s denoted by the capital letter correspond-
ing to the small letter signifying the p.d.f. The c.d.f. 1s thus given by

T ~ - - : - =
F(x) = [ f(&)de = P(X <) : .[PDF Bk

Clearly, F(—oc) = 0 and F(+00) = 1. 7 ]
Properties of the c.d.f.: “ F.b) KN,

e 0<F(xr)<1 o1 r o025

i , Fla)|---
e F(z) 1s monotone and not decreasing. . . ,
0 2 4 6 8 10
e Pla< X <b) =F(b)— F(a) x
o F (I) K N " imp]iw :‘:ﬁ;nlt::n C(:;()) l{\[ﬁ:;llnbi]ity density function f{z). (b) The corresponding cumulative distri-

P(X =1)= o‘]zi—n-lo |F(x + 6x) — F(x — éx)| , i.e., the size of the jump.

e F(z) continuous at r implies P(X = z) = (.

The c.d.f. can be considered to be more fundamental than the p.d.f. since the
c.d.f. 1s an actual probability rather than a probability density. However, in appli-
cations we usually need the p.d.f. Sometimes it is easier to denve first the c.d.f.
from which you get the p.d.f. by

aF(x)
O

flx) = (2.4)

dp _dp dx _ [()

Note: the p.d.f. for F is uniformly distributed in [0,1]: aF dx dF  fao)

1
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Library of p.d.f.sin ROOT/RooFit

e RooOFit provides a collection of compiled standard PDF classes

RooBMixDecay

<:|Physics inspired

ARGUS,Crystal Ball,

Breit-Wigner, Voigtian,
/ B/D-Decay,....

i Non-parametric
Histogram, KEYS

YpYrYyYYY

RooPolynomial E

RooHistPdf E |—|

RooArgusBG

RooGaussian “ 6 8

Al lal
7 8 8 1
.

< | Basic

‘H—%—*—H Gaussian, Exponential, Polynomial,...
Chebychev polynomial

ML ARAS BAAS RARS ALY |

el loud
21528529 §1

We will use them in the
R B I B A RN hands-on exercises in the lab

Easy to extend the library: each p.d.f. is a separate C++ class
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Attributes of a p.d.f. : mode & median

F(z) F(x)
| B I i

>  Median of a p.d.f. : value of x for which F(x)=1/2
(it divides the distribution in 2 parts with the same area)

Note : the median is not always well defined [ 7, | /
since there can be more than one such value of x

medians

> Mode of a p.d.f. : the location of a maximum of f(x)
(value of x that in an infinite sampling would
appear the highest number of times)

’
-,
-
-
Pl
-
-

Note : a p.d.f. can be multimodal !

,
-,
-
-
-
Pt
-
-

Note : in this example ... mode and median coincide
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Attribute of a p.d.f. : expectation value

2> Expectation value of a p.d.f. (sometimes called “Mean” which is very misleading actually! Better population mean):
represents the central value of a p.d.f. and it is defined as: =
MEE[x]=fxf(x)dx

Note: E[x]is not a function of x (there is an integral on x !) but depends on the distribution
of the values taken by x (that is on the shape of the p.d.f.)

The mean is often a good measure of location, i.e., it frequently tells roughly where

the most probable region is, but not always.
,,,,,, it can even happen that it is

| f(z) |
/\ /\/\ a value never taken by the x !
) ’ h K

Properties: g =cost = E[a]l=a & El[ax]=a"E[x]
if uis a function of x: E[au(x)]=a-E[u(x)] where E[u(x)]= fu(x)f(x)dx

Eis a linear operator: E[au(x)+a,v(x)]=a,Elu(x)]+a,E[v(x)]
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Attributes of a p.d.f. : example of the Maxwell-Boltzmann distributuion

Example: distribution of the squared velocity of the

Maxwell-Boltzmann .- . .
gas molecules exiting the hole of a cavity/container

Probability density function

N | —

— a=1
o5k — a=2|]
— a=5 . . . .
For this distribution:
0.4} . .
the expectation value (“Mean”) > Median
S 0.3} » Mode
3 x10®
0.2} Mode
2.5 ™Median
0.1 \ ] 7 \
/
0.0 - - 5L /J’
0 5 1 15 20 J," \Mean
Cumulativel distribution function E. . / \
3 /
1.0 : : : & r"‘ 3
I \
0.8} ] ‘f“ \\\
0.5 J,r‘/ \\\
06t ] / i
-5 - L ‘ ‘ ‘ ‘ ‘ o
0 2 4 6 8 10 12 14 16
0.4} § Parameter value «10%4
0.2} - Zj; : (note: this is the effect of the large tail on the right)
— a=5
0400 5 10 15 20

> Median > Mode
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Attribute of a c.d.f. : quantile of order «

A useful concept related to the cumulative distribution is the so-called quan-
tile of order « or a-point. The quantile z,, is defined as the value of the random
variable z such that F(z,) = a, with 0 < a < 1. That is, the quantile is simply
the inverse function of the cumulative distribution,

F(x)

075

F(xa)=d--

05

025 f

zo = F 1(a).

A commonly used special case is z,,, called the median of z. This is often used
as a measure of the typical ‘location’ of the random variable, in the sense that
there are equal probabilities for z to be observed greater or less than z,.

X

jmmmm—————————————

6

R

8 10
~ax =F(a)

F(x)

075

025 f

(1.17)

A

AY
X \
.
X112

f_x:f(x)dx =a=1- fx+oof(x)dx

a
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Attribute of a p.d.f. : central moments

> The moments are particular expectation values. The moments of order m are defined as: E[x™] = f_+:)° x™f(x)dx.

Therefore: moment of order 1 = expectation value

2> ltis possible to introduce also the central moments of order m, defined as: E[(x — u)™] = f+;°(x — W)™ f(x)dx.

Note: if i is finite ... the central moment of order 1 is null for any u :
=1 (normalization)

Flec— 0™ = [ - wf@de= [ af@dx | feodei= | xfeodr—p =Bl - == p =0

Note also: if f(x) is symmetric ... the central moments of odd orders (m = 1, 3,5, ...) are null !

> The central moment of order 2 is called variance and represents the spread of the f(x) around the expectation value.

See details next slide!
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Attribute of a p.d.f. : variance

= U

= E[x*] = 2p* + p* = E[x?] — p?

2> The squared root of the variance is called standard deviation of x and denoted by o, .

It is often useful because it has the same dimentional units of x and thus ...

... it represents the spread of the p.d.f. around its expectation value.

Property: V[ax] = a?-V[x] , with a = cost.

Indeed:  V[ax] = E[a*x?] — (E[ax])? = a® E[x*] — (aE[x])? = a? - (E[x?] — (E[x])?) = a? - V[x]

Note: other attibutes like skewness (asymmetry indicator) and kurtosis (sharpness indicator) are defined in the in-depth part.
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Mixture of subsamples - |

2> Often a data sample under analysis is the sum of two (or more) subsamples distributed according to different p.d.f.s;

an obvious example is the sum of a certain signal and one (or more) background(s).

Let’s express the fractions of events belonging to each subsample as @;
and the f;(x) are the corresponding p.d.f.s of the rv. x ; then: overall p.d.f.: f(x) = X; @;f:(x)

An obvious example is (i = 1 for signal, i = 2 for background):  ftot(X) = ‘Psigfsig(x) + ‘Pbkgfbkg(x): = Psig fsig(x) + (1 - ‘Psig)fbkg(x)

2> The (overall) expectation value of x is (where u; represents the expectation value of x for each subsample):

the overall expectation value is the mean
E[x] = f:’ozo xf(x)dx =Y; ;- fjozo xfi(x)dx = Y; @,Ei[x] = ¥; oip; <=| of the expectation values weighted by
the relative fractions in the mixture

u

2> For the variance see next slide!
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Mixture of subsamples - Il

2 The variance of a r.v. x for a mixture of subsamples is:

Vix] = E[(x — w)?| = Z @i E;|(x—mw?*| where p= Z @il; is the expectation value over the mixture
i i

To get a more familiar expresion we must introduce the deviations 8; = (u — u;) and introduce in the upper expression u = 8; + u;;

with some algebra (reported in a slide in the in-depth part) we can get:

generally, the variance is not just the simple mean
of the variances of the sub-samples weighted by the
&) | relative fractions in the mixture, since it is always

augmented because of the fact that sub-samples can
have different expectation values

2> On the other hand, ...

IF all the distributions of r.v. x for each sub-sample in the mixture

($) Vix]=X,¢; Vilx] IF u, =pvi <) are characterized by the same expectation value ...

... the overall variance is the mean of the variances weighted by
relative fractions in the mixture

(see an example in the following slide)
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Mixture of subsamples - example - |

2> Example: suppose to reconstruct with the CMS detector the dimuon decays of the charmonium state 1(2S5): Y(2S) - utu~

This is a quadrant of the CMS detector showing the subdetectors of the muon system
(including the proposed GEM detectors):

1. 1+Bcosf "1, 1+cosf o

. . . . . . . . — —1[1 f } ln - tan —
[note: pseudorapidity is the rapidity for mass/ess particles: y=3 1-Beosf 2 "1-cosf ,=1n1]
A
nopa 02 03 04 05 06 0.7 0.8 0.9 1.0 1.1
6" 843 786" 731° 67.7° 625° 57.5° 528  484° 443" 404° 36.8° n e
8 I -
- 1.2 335
A - A
é [ | I DTs
4 [ e CSCs
7 et t— (D] ——— ¥ RPCs 1.3 305°
. MB o | ‘ | 14 27.7°
i = {
6 RB3 L ; _r
- 15 252 °
———e—eoo—h ——_——_——————,—,——mn . - :
. M -
5 LI ] | RB2 Lo 16 228°
- II 'i 17 207°
_ - " RB1 18 188°
4 8 18.
=5 19 17.0°
:, Folenold magnet 2.0 154°
’ :l { 2.1 140°
il 22 126°
s 23 11.5°
B 24 104°
2 ,l | 25 94°
. 1ECAL
H : 30 57°
1 P - X A
' r1silicon PR - ] -
] . - =
1 trackar’,f/ ————— | A N
1 ‘,—' == - 40 21°
____________ ﬁbh"’é(’ ' | 50 0.77° p
0 1 2 3 2 5 6 7 B 9 10 ] 12 z (m)

Just a sketch!

Suppose to put together two signal sub-
samples of Y(2S5) candidates, one with

y € [0.,0.2] and the other with y € [1.4,1.6]
[we neglect the combinatorial background
of 2 us (pairs by random combinations)].
The r.v. represented by the reconstructed
mass, m(uu), is characterized, in the two
sub-samples, by the same expectation
value [the mass of the Y (25)]; instead,
the two standard deviations (square root
of the two variances), that represent the
mass resolution, are different for the two
sub-samples since the mass resolution
depends on the quality of the track
reconstruction of the two us which - in
turn - depend on the detection technology
of the u-chambers: the DTs ensures a
better quality w.r.t. the CSCs.
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Mixture of subsamples - example - |l
meanCB1 = 3.68198 + 0.00013 meanCB1 = 3.67596 + 0.00032
q>, sigmaCB1 = 0.02268 + 0.00011 > SIQmaCB1 = 0.04710 + 0.00040
Q r .
%4500 %3500:— BIN'ZO
© 4000 o
© ©
tc’asoo g”m_
S s
3000 O 2500—
2500[ :
E 2000—
A 2000[- 3
y € [OIO 2] | 1soof 1500;5
I 1000: L
A - A F 1000 —
R .. o F
i l 1 E - 500 —
S ! 3.4“'Ia!sllllanlllla.l?l "s.slllla!sl c
:.'l' — 23MI;‘(NI) g_lllll 1 [T B SR T T e S N SN A R A
:: [ ,:' 013 = O-m(ﬂﬂ) =~ e e "/7 4 35 _36 37 38 M

i T T yE14,16] 020 = Om(up) ~ 47MeV

1 ] g _ -

l: ! l: ,,"/ P -’

1 I PR P

i l' f”’ e .

i T » Putting together the two subsamples | would get

E_',," e the sum of the 2 distributions (in each one the

I o7 - T . . . .

5'-'," e T e signal can be fitted with a gaussian) and the

i I”. -t e 0 o o

b T e effective mass resolution is expected to be:

r! 2T T

'H z;" :—*" $)

U —9: ———— (_ 2 2
__________________ e p Ocff (13+20) = \/‘P13 013 T P20 03
p

[@13 and @,q can be derived by the signal yields]
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FUNCTIONS of a R.V.
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Function of a random variable - |

> Often experimentalists carry out indirect measurements, i.e the observable of interest is a function of direct measurements.
For this reason we need to introduce functions of random variables!

First of all have in mind that: functions of random variables are random variables themselves !

Suppose u(x) is a continuous function of a continuous random variable x distributed according to the p.d.f. f(x).

The question now is: what is the p.d.f. g(u) that describes the distribution of u(x)? u(x)

(a)

8
It is possible to answer requiring that the probability of x to assume values between x and x + dx ¢} \

has to be equal to the probability for u(x) to get values between u and u +du. N -

If the fuction u(x) can be inverted to obtain x(u) and the trasformation is 1-to-1 (i.e. bijective)... | du

... then we can write: A dx
---------------------------------------- fx)  fx % 2 4 6 8 10

 gw)du = f(x)dx => gw) =" =W X

(Note: du and dx may have same or odd S|gns|)

B +0co * + oo
Elu] = j u g(u)du(z)f u(x) f(x)dx (this will be used later!)
Since the function is a random variable: - — 00 —00

Viu(x)] = E[(u(x) — E[u(x)])?] ... but ... how can we calculate E[u(x)]?
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Function of a random variable - I

> We can develop in series the u(x) in an interval of x around u ;
thus we can substitute u(x) with its development in series and for simplicity we can stop to the 2" order:

J

2
. — + ..
BRI DR ¢

+ 00
The substitution is applied inside the expression E[u(x)] = j u(x) f(x)dx ..and after a bit of algebra one gets:

1 d*u
A O

du
ux) —> —
@= 5

Conclusions: 1) unless V[x] = 0 ... the expectation value of u(x) is not equal to the value of the
function calculated with the expectation value of x, namely u(u)

B E[u(x)] # u(p)

2) if u(x) is a linear function of x ther E[u(x)] = u(u)

2
3) if % is small (slowly-varying shape) this equality holds with a good approximation: E[u(x)] = u(u)
xX~p
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Dealing with more than one R.V. : MARGINAL & CONDITIONAL PDFs
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Case of more than 1 random variable

> If the measurement is characterized not by just one observable but instead by more than one it means ...
... we have to deal with more than 1 random variable and specifically with a vector of random variables X = (x4, ..., Xy);
the associated p.d.f. would be f(X). Its meaning is as follows:

for an infinitesimal volume centered on X of sides dx, ..., dxy that B
we label as I3 4z, the associated probability can be expressed as ... P(X € Iz 4z) = f(X)dx

We will discuss the easiest case of two r.v.s in the net slides!

2> In general, this will be a complicated multi-dimentional, unless x4, ..., x5 are all independent among each other
... and in this particular case the expression of f(x) is the following product:

fx) = nfi(x,-) (where f; is the p.d.f. of x; )

We will come back to this possible factorization soon, in next slides!

A.Pompili (E+) Statistical M&T for Data Analysis.
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Two random variables - joint p.d.f.

10
2> Let’s consider - in the following - to deal with only 2 random variables: x & y ! 7

Let’s also continue to imagine to be working in the infinite sample assumption 8T

(infinite points (x,y) in the plot): we deal with an (infinite) population, not a finite sample!

As depicted in the scatter plot in the figure, we consider : .

Event A (vertical narrow band): observe x-values in [x, x + dx] and y-values everywhere

Event B (horizontal narrow band): observe y-values in [y, y + dy] and x-values everywhere

The event A N B is associated to the intersection of the two bands.

[borrowed by Cowan]

J—eventA
PIE 4;» _ Lot
e AR B
.-‘é}m*-;w,‘i B
A ST N
4‘ 3 .-_"_J.T‘- '»-";= -----
4 -‘_-:;;:!_.’dj'\ el g event B
- ke dx
i
1 1
0 2 4 6 8 10

Its associated probability can be expressed in terms of a joint p.d.f. (corresponding to the density of points) :

P(AnB)=Px€[x,x+dx],yely,y+dy]) = f(x,y)dx dy

The relative normalization condition can be expressed as: ff f(x,y)dxdy =1
Q

A.Pompili (E+) Statistical M&T for Data Analysis.
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Two random variables & marginal p.d.f. - |

2> Suppose we want to know the probability for the r.v. x to get values in the interval
[x, x + dx] independently from the value taken by the other r.v. y, i.e. we want to
know the probability of event A (the vertical band in the scatter plot).

—
-

The band can be considered as the set of N squares of area dxdjli with the running
index exhausting the full band:

P(A) = ) fxy)dy; dx = f(@)dx

In the limit of infinitesimal all equal intervals one gets dy; = dy and the sum becomes an integral ( }}; dy; — fj;o dy )

2> We can now introduce the concept of ... marginal p.d.f. which is the p.d.f. of 1 only random variable
once the dependency from the other(s) is eliminated via integration of the joint p.d.f. :

+ 00 + oo
marginal p.d.f.inx: f,(x) = j f(x,y)dy , marginalp.df.iny: f,(y)= j f(x,y)dx

Note: the 2 marginal p.d.f.s correspond to the normalized functions obtained by projection of the scatter plot on the x,y axes
(again - implicitely - in the limit of infinite entries in the scatter plot) [see next slide].
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Two random variables & marginal p.d.f. - i

L | T T - | ;" T ::?h 05 | T T T
- | ol £ ®
- . ~~,.? 03 + J
- E 02 } .
- @ 01 F 1
1 1 A eed o _ | ____ L o L -t
0 - « N - 8 10 0 2 4 6 8 10
o o o o o
«Y x y
The marginal p.d.f.s can be easily
represented as normalized projections
(doing a projection means integrating
on the other variable)
X
Fig. 1.5 (a) The density of points on the scatter plot is given by the joint p.d.f. f(z,y).
(b) Normalized histogram from projecting the points onto the y axis with the corresponding
marginal p.d.f. fy(v). (c) Projection onto the z axis giving fx(z).
[borrowed by Cowan]
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Two random variables & Conditional p.d.f. - |

2> Itis now possible to introduce the concept of conditional p.d.f. exploiting the definition of conditional probability :

1 . ] joint p.d.f.
Probability for r.v. y to get values in the interval [y, y + dy] A
for any value taken by the r.v. x (event B), . |
once it happened that x has got values in the interval [x, x + dx] '
« P(ANB x,y)dxd
for any value taken by the r.v. y (event A) is given by... P(B|A) p ( ) — f(x,y) y

P(A)  fi(o)dx

v
o _ marginal p.d.f.
At this point it makes sense to introduce the...

conditional p.d.f. associated to the r.v. y given the r.v. x f(x,y) f(x,y)
(function of the y only since x has taken a specific value) as ...  h(y|x) = = = '
fx(x) J_ flx,yDay’

In other words: the conditional p.d.f. of y is defined starting from the joint p.d.f. in which x has taken a specific vaue
(thus, it is constant), renormalized so that it has unit area when integrating on y only)

(always - implicitely - in the limit of infinite entries in the scatter plot)

fxy) _ f(x,y)
fy@) f_+:)° flx', y)dx'

Similar considerations exchanging the role of x and y brings to:  g(x|y) =

A.Pompili (E+) Statistical M&T for Data Analysis. 21



Two random variables & Conditional p.d.f. - i

10

Fig. 1.6 (a) A scatter plot of random variables z and y indicating two infinitesimal bands
in z of width dz at z, (solid band) and z; (dashed band). (b) The conditional p.d.f.s h(y|z,)
and h(y|z2) corresponding to the projections of the bands onto the y axis.

[borrowed by Cowan]

The conditional p.d.f.s can be easily
represented as normalized projections
of narrow bands (large dx) in the
conditioning variable

‘ A.Pompili (E+) Statistical M&T for Data Analysis.
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Two random variables & Conditional p.d.f. - 1l

>j0

7
e, )
e ;:,;o, X
LA
.

(XN k]
INOSAAA 0

Fig. 2.19 Illustration of conditional PDF in two dimensions

[borrowed by Lista]

nt p.d.f.

‘ A.Pompili (E+)

Statistical M&T for Data Analysis.
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Bayes theorem for random variables

[x(x)
M0

> Combining together the two expressions for the conditional probability we get: g(x|m) = g(y|x) -

...which is nothing else that the re-expression of the Bayes’s theorem in the case of continuous r.v.s!

> Rewriting the same two expressions we also get: h(y|x) - f, (x) = f(x,y) gxly)-f, @) =f(xy)

Now we can use the definition of marginal p.d.f.s to find new expressions for them:

fo(0) = j f(x,y>dy=j gy - f, )dy £, = j o y)dy = j R0 - f (O dx

...which are nothing else that the re-expression of the Law of total probability (slide 14 part 1A)!

A.Pompili (E+) Statistical M&T for Data Analysis.
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Independency of events expressed as factorization for joint p.d.f.

2> We have discussed earlier that: P(A) = fy(x)dx (and, in the same way, P(B) = f,(y)dy ).
Thus, the product of the two probabilities can be expressed as:

P(4)-P(B) = fy(x)dx - fy(y)dy = f,(x) fy,(y) dxdy (a)
Let us remember now that ... two events A and B are independent if P(An B) = P(A) - P(B) [*]!
From the joint pd.f. definition P(A N B) = f(x,y)dx dy we then derive from [*] that P(4) - P(B) = f(x,y)dx dy (b)

Expressions (a) & (b) hold if and only if f(x, y) can be factorized into the product of the 2 marginal p.d.f.s:

fx,y) =fx(x) 'fy(y)

From this result: x and y can be defined as independent variables if their joint p.d.f. can be written as the product
of a p.d.f. of the variable x times a p.d.f. of the variable y (specifically these p.d.f.s are the 2 marginal ones)

> Additional expressions when r.v.s are independent: h(y|x) = };(:('3;) = fxﬁ?x\'(i{()’) = f,(¥). Similarly: g(x|y) = f,(x)

This means something obvious: the conditional pd.f. reduces simply to the marginal p.d.f. when the r.v.s. are independent.

‘ A.Pompili (E+) Statistical M&T for Data Analysis. 25



CORRELATION between R.V.s
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Covariance for a couple of r.v.s - |

> Let’s consider 2 continuous r.v.s : (x,y) . The joint p.d.f. is written as f(x, y). We can write down the following quantities:
+00
pe=Elx = [ xfGoydxdy b= Vix] = Bl - w)?)

py == [ yfopdxdy o= Viy =Bl - ry)?

To take into account the possible correlations among the r.v.s, that generally are not negligible and cannot be overlooked,
We need to introduce a further quantity called covariance, defined as follows:

Vey = covey) = B[ - )y - )] = [| v+ fx yyaxdy

= E[xy — xp, — yp, + popy| =
= E[xy| — pyE[x] — py E[y] + pepy =
= E[xy] — pypy — y,x‘lf; T =

YT
. N,
o,
..

=Exyli—pp, > Note: I/, can be either positive or negative !

>
Note: as expected, V., gives simply the variance V., whether the r.v.s of the pair are identical (i.e. y = x)

‘ A.Pompili (E+) Statistical M&T for Data Analysis. 26 I



Covariance for a couple of r.v.s - |l

+ 00
We have seen (slide 15) that E[u(x, y)] can be expressed - in general -as:  E[u(x,y)] = ﬂ u(x,y) - f(x,y)dxdy
+00 -
j f xy - f(x,y)dxdy

~

... and considering the specific case of u(x,y) =x-y: E[xy] =

+00
14
Wrapping up: V., = cov(x,y) = E| (x — p,)(y — uy)| = E[xy] — popty = J J xy - f(x,y)dxdy — pp, (= oy,)

Remember (see slide 16) that ... in general E|u|  u(p) and thus E[xy| # w.u,

(i.e. one r.v. influences the other r.v. and viceversa) Note: Viy =Vyy

In conclusion: V., = E[xy| — p,py, # 0

> Sincewecanre-write: 62 =V[x]=E[(x —pu)(x— )=V, . af,E Viy|=E[(y —puy)y— )=V,

... it is possible to accommodate the 2 variances and the 2 (equal) covariances in a 2X2 symmetric matrix:

_ <E[(x —u)?]  Elxy] — ﬂxﬂy>
E[xy] = papty  E[(y — 1y)?]

cov(y, x) oy

2

_ ( o4 axy>
= 2
Oyx Oy

Statistical M&T for Data Analysis.

. . xx xy oy cov(x,y)
Covariance Matrix: (V)i = (V v )
yx yy

27
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Correlation Coefficient

2> With the aim to have an adimentional measure of the “degree of correlation” between the two r.v.s and ..

... it is useful to introduce the correlation coefficient : cov(x,y) Vey
p(xr y) = —
Ox * Oy Vix * Vyy

maximum correlation: p(x,y) = +1
It can be demonstrated that: p(x,y) € [-1,+1] .Weget: { NO correlation: p(x,y) = 0
maximum anti-correlation: p(x,y) = —1

It is easy to discuss the correlation coefficient by means of these scatter plots of the rv.s x and y :

Y 10 T T T T Y 10 T T T Y 10
(a) . . . .
8 B - ' .. - 7 8 i 0‘ - m) 7 8 B
6 - 6 . 6
4 + J 4 + . 4 b+
2 - = 2 - 4 2 -
0 1 1 1 0 1 1 1 1 0
0 2 4 6 8 10 0 2 4 6 8 10 0
X X X X

Fig. 1.9 Scatter plots of random variables z and y with (a) a positive correlation, p = 0.75,
(b) a negative correlation, p = —-0.75, (c) p = 0.95, and (d) p = 0.25. For all four cases the
standard deviations of z and y are 0, =0y = 1.

[borrowed by Cowan]

A.Pompili (E+) Statistical M&T for Data Analysis.



Independence & uncorrelation - |

> In the every-day language - often - the physicists talk about uncorrelated variables implicitely implying independent ones,

although this is not correct. We will argue - instead - that strictly speaking ...
the condition of uncorrelation is weaker than the condition of independency !

Indeed we will show that ... independency implies uncorrelation but the viceversa is not true!

29
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Independence & uncorrelation - |

> In the every-day language - often - the physicists talk about uncorrelated variables implicitely implying independent ones,
although this is not correct. We will argue - instead - that strictly speaking ...
the condition of uncorrelation is weaker than the condition of independency !
Indeed we will show that ... independency implies uncorrelation but the viceversa is not true!

2> To argue this, let me start recalling (see slide 27) that ...

L if (x,y) are (mutually) independent random variables their joint p.d.f. factorizes: f(x,y) = f.(x) - f,(y)

and in this case: E[xy] = ﬂ+ooxy - f(x, y)dxdy = J+oox - fr(x)dx - j+ooy - fy(y)dy = E[x] - E[y]

_WhiCh implies that : ny = E[xy] — UxHy = E[x] - E[y] — UxHy = Hxlly — UxHy = 0 (thus Pxy = 0)

=) We have proved that: INDEPENDENCY =  UNCORRELATION

‘ A.Pompili (E+) Statistical M&T for Data Analysis. 29



Independence & uncorrelation - |

> In the every-day language - often - the physicists talk about uncorrelated variables implicitely implying independent ones,
although this is not correct. We will argue - instead - that strictly speaking ...
the condition of uncorrelation is weaker than the condition of independency !
Indeed we will show that ... independency implies uncorrelation but the viceversa is not true!

2> To argue this, let me start recalling (see slide 29) that ...

L if (x,y) are (mutually) independent random variables their joint p.d.f. factorizes: f(x,y) = f.(x) - f,(y)

and in this case: E[xy] = ﬂ+ooxy - f(x, y)dxdy = f+oox - fr(x)dx - j+ooy - fy(y)dy = E[x] - E[y]

_WhiCh implies that : ny = E[xy] — UxHy = E[x] - E[y] — UxHy = Hxlly — UxHy = 0 (thus Pxy = 0)
=) We have proved that: INDEPENDENCY =  UNCORRELATION

&) To prove - instead - that the viceversa does not hold, i.e. INDEPENDENCY <7-[ UNCORRELATION

... we need to find at least one example characterized by dependency in spite of existing uncorrelation (next
(y =f(x)) (Ve =0)  sfide)

A.Pompili (E+) Statistical M&T for Data Analysis.
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Independence & uncorrelation - Il

> Asuitably easy example is (x,y) = (x,x2) namely when y = u(x) = x?% |

To make easier the demonstration let’s suppose that ... +o0
x is distributed symmetrically around 0, with a p.d.f. f(x),i.e.: u, = E[x] = j X fy(x)dx =10

-—
( \~_f,

\

400 v +o00
From the definition of variance: 62 = V[x] = j (x — 0)2 f, (x)dx Ef x% - f.(x)dx

A.Pompili (E+) Statistical M&T for Data Analysis.



Independence & uncorrelation - Il

> Asuitably easy example is (x,y) = (x,x2) namely when y = u(x) = x?% |

To make easier the demonstration let’s suppose that ... +o0
x is distributed symmetrically around 0, with a p.d.f. f(x),i.e.: u, = E[x] = j X fy(x)dx =10

-—
( \~_f/

\

400 v +o00
From the definition of variance: 62 = V[x] = j (x — 0)2 f, (x)dx EJ x% - f.(x)dx

+ oo

+00
Let’s calculate the expectation value of the rv. y : uy, = E[y] = E[u(x)] = j ulx) - f(x)dx = j x% - f,(x)dx = o>

— 00

Note (for completeness) that: f(x) is the marginal for x i.e. f,(x); analogously g (u) = g(y) = g,(y) would be the marginal for y .

0
Finally let’s calculate the covariance: V., = E[ (x —%)(y — )| = E[ (x)(x? — 0%)] = E[x® — x0%] =

= E[x3] - a,ZCEN = E[x3] =0
° ]
(central moment of order-3 is
null for a symmetric f(x) !)

A.Pompili (E+) Statistical M&T for Data Analysis. 30 I



Independence & uncorrelation - Il

> Visualizing the previous example: 10 . . , .
y ..
_~ 8 - .v.' .
6 §
4t :
Fig. 1.10 Scatter plot of random
> | | variables r and y which are not inde-
pendent (i.e. f(z,y) # fx(x)/y(y)) but
for which V;y = 0 because of the par-
0 " A A L ticular symmetry of the distribution.
0 2 4 6 8 10
X

borrowed by G.Cowan

Note: see in-depth slides for another example.
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Removing and introducing correlations by means of change variable - |

2> ltis possible to remove (or introduce) a correlation by operating a change of variables, namely (x,y) — (x,y")

Note that - in our 2D framework - this change of variable corresponds to a rotation in the (x, y) plane!

y

6

4

Fig. 1.11 Scatter plot of (a) two correlated random variables (x,y) and (b) the transformed
variables (x' y') for which the covariance matrix is diagonal.

borrowed by G.Cowan

Note that the matrix 4 is such that the matrix U = A4

. V . AT is diagonal !

g

The rotation-in-the-plane matrix:

4= (5o cost)

It can be calculated (G.Cowan, 1.7)
that the angle is:

2V 2 0,0
tan(z0) = (205) = (£22)

(I will comment further ... a few slides later)

row by column products

‘ A.Pompili (E+)

Statistical M&T for Data Analysis.

32



Removing and introducing correlations by means of change variable - |l

2> An example of possible introduction of some correlation between two variables is a rotation in their plane as well:

'o L] L 3 ] L} , ‘0
y y

8 r - 8 +

6 ™ “ 6 -

4 + - : 4

2 o - 2 -

o o 0 /, s A A L

0 2 4 6 8 10 0 2 4 6 8 10
X xl
Pxy = 0 Pxy # 0

‘ A.Pompili (E+) Statistical M&T for Data Analysis.



Covariance for more than 2 r.v.s

2> Let’s consider N rv.s: (X1, «oe) Xjy ooy Xjy oon Xpy)

The variance of the single r.v. - regardless the others - is simply defined as: ¢ = E[(x;—E[x;])?]
To _take into accou.nt jche mutual correl.atlc.)n.s we have Vi; = 0= E[ (x;—E[x:])(x;—E[x]) ]
to introduce a coviariance for each pair (i, j):
2

. . 01 012 O1N
The N variances and the N(N — 1) covariances (each two of them - 2
are equal by symmetry, i.e. 0;; = 0j;) can be accomodated in the V) = 2l 72

= :
covariance matrix, an NXN symmetric, sometimes called error matrix: !
ON1 of
‘\

Note: If the covariance matrix is not positive defined... fc?r each pair, i =]_'
... there must be at least one linear relationship among the r.v.s. gives back the variance

>> Aglobal correlation coefficient can be introduced when N > 2 (see in-depth slides)
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Diagonalization of the covariance matrix - |

> It can be demonstrated that ....

... it is always possible, in the framework of linear algebra, to find an orthogonal transformation of N > 2 variables

(xq, ..., xy) = (¥4, ..., yy) for which the “new” covariance matrix for y is diagonal while the “old” one for X was not !

It’s common to say that this transformation “diagonalizes the covariance matrix”,

i. e. this transformation is able to remove any existing correlation.

Let’s discuss this result:
- original variables & covariance matrix: (x4, ..., xy), Vj;= cov(x;, x;)

- transformed variables & new diagonal covariance matrix: (¥4, ..., ¥n), Ujj= cov(y;, y;)

It can be demonstrated that it is always possible to find a linear transformation, N
namely by means of a matrix so that each y; is a linear combination of the (x4, ..., xy): Vi = Z Ajix; (Vi)
j=1

In this case the transformation matrix 4 is such that the new matrix U = AV AT is diagonal,

and has the property that the transpose matrix coincides with the inverse (AT = A71) and thus U = AVA~1.
This transformation is called orthogonal and it corresponds - in linear algebra - to the rotation

of the vector X into the vector y so that the vector norm is kept constant. (see also next side)

(#)

35
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Diagonalization of the covariance matrix - Il

We can formalize what just said using the vectorial notation and the matrix

formalism:
X1 V1 A1r o Agy X1
fz(), X0 = (xq... xp), )7|=A55<:><>:< )()
XN i YN Ayi . Any XN
1y =yt y Al XTAT AX =xTA™T - AX = xT1 X = ¥Tx = |X|? : vector norm is preserved

Elu(x)] = u(u) IF u(x)islinearin x
Elau(x)+a,v(x)]=a Elu(x)]+a,E[v(x)]

(#) N N
Uij = COU(yi,yj) = COoVv Z Aikxk ,ZAjg Xp
k=1

cov(u,v) = Eluv] — u,u,,,
=1

N N
= Z Z Agi A icov(xy , xp }'24 --------- Ajp = (AT){)J- (from the def. of transpose matrix)

_ (here we must “saturate” on indices k and ¢)

A.Pompili (E+) Statistical M&T for Data Analysis. 36 I



UNCERTAINTY (ERROR) PROPAGATION
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Propagation of the variances - |

2> Suppose we have N rv.s (x4, ..., x,,), that we can write - in a compact way - as the vector X = (x4, ..., x,,),
distributed according to the joint p.d.f. £ (X) that we suppose is not fully known since we assume we only know:
- the N expectation values, namely the vector i = (i, ..., i)
- the NXN covariance matrix V;;

Let’s now consider a function y = u(x) and we have seen (slides 17-18) that ...

... we can determine the p.d.f. of y - say g(u) - if we know the p.d.f f(X) which, however, is not our case here!
Thus, we want to determine just E[y] and V[y].

We will see that this is possible, even if we will get approximated (but still useful) expressions!

The procedure starts from the expansion in series - truncated at 1 order - of the function y(x) around the vector
of the expectation values fi :

~
~~o
S
~
S

—> —> 6 AN e
y@ =y + 2l (5%) - O— )+

The expectation value can be easily calculated at first order: _.~-] I can apply one of the properties of the expectation

Jted value of a variable; consider that the derivatives are
—> - "’
E[y@)] =E[y(]+E[ZL,..] =

calculated for X = [i so they are just real numbers

0 (as expected: at 1%t order

N
- ay ,f" —
= Ely(] + Z (ﬁ)x’:ﬁ E(xe~="ny) = Ely()] the dependency is linear)
i=

-
’/

A.Pompili (E+) Statistical M&T for Data Analysis.



Propagation of the variances - |l

2 Let’s calculate the variance: Uf = E[y?] — (E[y])z- -------- » Just calculated
to be caIcuIz;:c,ed here: E[y)] » E ( alp) + ﬁ (3‘—’\ (&c-rc)y‘] =
O\ ' ang ‘;:F' ]
= B[40 « gy Z(2), oo
- “r .
¢ (3408)ep o) (320 m) -

i - -

Therefore: .

I A.Pompili (E+) Statistical M&T for Data Analysis.



Propagation of the variances - Il

N
dy 0
Thus, we got: af,z E[y?] — (E[y])2 = z (_y_y) Vij :equation of the error propagation
£ \0xioxj/._-.
l,]=1 X=n
. . : . dy dy
If we conventionally define the vector of partial derivatives A =|—y,...,——
0x, oxN

Vi
... We can re-express this result in matrix notation: 52 — (ﬂ 6_y) . <
y ox." " oxN
VN1
(1XN)
.. and more compactly: a3 = AVA" (NxN)

Do not forget that ... this result is valid in the approximation in
which y(x) is approximated by the Taylor expansion truncated (Nx1)
to the 15t order, namely in the linearity approximation around fi !
. N . Vii = of (Vi)
> Inthe particular case in which the (x4, ..., x;,) are all uncorrelated among each other, i.e. o
N 9 Vl] =0 (Vl :/:])
... then the propagation formula reduces to: o2l Z (ﬂ) o2
Y:

y —_— ) - l .
— 0xi/z-p (the well-known “error propagation formula”)

A.Pompili (E+) Statistical M&T for Data Analysis.



Propagation of the variances : special cases

> Usual cases are these 4:

The standard deviations sum up in quadrature

Relation between 1
x4 and x x1 and x,correlated (V{, # 0) x1 and X, |uncorrelated (V1, = 0)
ro==l---mmmm-- .
_ 2 _ 2 2 2 _ 2 2
y =x1 + Xy oy = 05, + 05, + 2V1; I 0y =0y, + 0y, i
I [ |
! ]
|
_ 2 _ 2 2 2 _ 2 2
y = X1 — X3 gy = 0y, + 0y, — 2V1; ! ay—0x1+0x2=
R ———
N NN NN NN NN NN NN BN NN BN BN BN BN BN NN BN BN BN BN BN BN R 1
2 2 2 = E[x : 2 2 2 I
y = X4 X O-y O-xl + O-xZ + 2 Vlz #1 [ 1] : O-y O-xl + O-XZ :
P (12?12 12 Tpy) | Me=EDG] | (uw)? ok oud
Uy * U Hi M2 Uy * U 2 2 . 1" H2 Hi K2 !
1
I ]
x 2 2 2 = Elx I 2 2 2 '
= x_l oy Oy N Ox, 5 Vi H1 1] | ay Ox, N Ox, i (¥
2 - 2 2 — I 2 2 2
Very usuful because we (i /u2)*  p3 w5 (u/up) | B2 = E[x;] v /wp)? gy
deal very often with ratios !
2 2 T
o2 o2 2 O'x1 O'x2 The relative standard
(*) Another way to rememberit: o ==+ =- (“—§) ..or even better: g, =y |—5+— deviations sum up in
y= X U3 Uz U3 X1 X5 quadrature
(where expectation values are substituted by the actual value) |
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Attribute of a p.d.f. : skewness & kurtosis

2> Since all symmetric p.d.f.s have null odd central moments, the central moments of odd order (3, 5, ...) provide
a measurement of the asymmetry of a generic distribution (remember the one of 1st order is null).

In order to have an adimentional quantity we prefer divide by a3 = (V[x])3/2 :

E[(x — u)3
skewness of a p.d.f. is defined as: | ¥1 = L€ 3”) |

Ox

2> Forap.d.f. characterized by a central symmetric peak, its peaking “level” (or “degree”), let’s call it “sharpness”,

can be measured through :

E[(x — n)*
kurtosis of a p.d.f. is defined as: Yo = L 24 -3

0%

This ad hoc definition derives from the aim to have y, = 0 for a Gaussian p.d.f., thus this “sharpness” is compared
to that of the Gaussian used as the reference.

A.Pompili (E+) Statistical M&T for Data Analysis.
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Variance of the mixture

: calculation

2> Demonstrate the expression for V[x] of a mixture of sub-samples:

VIVe > 8B, [(;-0o-5:)7] -
=28 E [ () 5225, ()] 2

Afeuie § MeMaTTA
Efaguiarqu, )] -

_ - 8yE e Eeres
=3 t. E':I-(“'f"‘)l]"'ECE‘;?]“E;[Q.(KT.,;)] 16 L4104 2, ELwren

\
M
.z
—
-
x
| -
+
(%
!
»
A
™
-~
)
z
(-
g

]
\Y]
(S
(\d——w
<
(]
X
+
29
[
L
\
06

putting together | get the (overall) variance :

Vix] =Y, {Vi[x] + [Zj:ti ‘Pi(l"j - ”i)]z}

B ———

Now | rewrite in a useful way the deviations é;:

y\?:}“r‘-é :?'}jhj—}vi =
:2;-&}\-51-{;}&;-3‘\; =

:Ei:,r-a-.,- })r‘w =
=2 §ip - TG o dy -

TH

]

(]"J )

¥ —(24;-

= s#c ‘;h ‘%}H‘f-% *%:

*)

‘ A.Pompili (E+)
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Additional example of dependence with uncorrelation

>> | Example 2.7 Uncorrelated Variables May not Be Independent

An example of PDF that describes uncorrelated variables that are not
independent is given by the sum of four two-dimensional Gaussian PDFs
as specified below:

|
(x,v) = —le(x: i, 0)e(v: 0, 0) +g(x; —p, 0)g(v: 0,0
fx, y) 4Lr,(\ i, o) gl ) +g(x: —p, o) g() ) 285

gx:0,0)g(v: i, o) +g(x: 0, ) g(v: —p, 0)] ,

where g is a one-dimensional Gaussian distribution.

dP/dxdy

Fig. 2.18 Example of a PDF of two variables x and y that are uncorrelated but not
independent

borrowed by L.Lista

‘ A.Pompili (E+) Statistical M&T for Data Analysis.
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Correlation coefficient for more than 2 r.v.s

2> For each pair (i, ) a correlation coefficient can be defined in the standard way: p(xi, xj) =

O;° O'j

Nevertheless it can be introduced a more useful indicator, the global correlation coefficient :

take a generic the rv. x;,

consider the correlations p(xy, y)

consider the linear combination y of all the other N — 1 rv.s x;j
define the global correlation coefficient Pk = max{p(xy,y)}

as the quantity that measures the total amount of correlation among x;, and all the others x;_

Thus: pp =0 <= X isfully uncorrelated with all the others x;.

pr=1 <mm) x, isfully correlated with at least one linear combination of the others x;_,

> An useful result (given without demonstration) is the following: p;, = 1 — [V - (V")) 1

... Where ...

(V) : diagonal element of the covariance matrix

(V‘l)kk : diagonal element of the inverse of the covariance matrix

‘ A.Pompili (E+)

Statistical M&T for Data Analysis.

a4



