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IntroductionIntroduction
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Motivations for the study of highMotivations for the study of high--density QCD:density QCD:

●● Understanding the interior of Understanding the interior of CSO’sCSO’s

●● Study of the QCD phase diagram at Study of the QCD phase diagram at 
T~0 and high T~0 and high µµ

Asymptotic region in Asymptotic region in µ µ fairly well fairly well 
understood: understood: existence of a CS existence of a CS 
phasephase. Real question: . Real question: does this does this 

type of phase persists at relevant type of phase persists at relevant 
densities ( ~5densities ( ~5--6 6 ρρ00)?)?



SummarySummary

●● Mini review of CFL and 2SC phasesMini review of CFL and 2SC phases

●● Pairing of fermions with different Fermi Pairing of fermions with different Fermi momentamomenta

●● The gapless phases g2SC and The gapless phases g2SC and gCFLgCFL

●● The LOFF phase and its phononsThe LOFF phase and its phonons
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CFL and 2SCCFL and 2SC
Study of  CS back to 1977 (Study of  CS back to 1977 (BarroisBarrois 1977, 1977, FrautschiFrautschi 1978, 1978, 

BailinBailin and Love 1984) based on Cooper instabilityand Love 1984) based on Cooper instability::

At T ~ 0 a degenerate At T ~ 0 a degenerate fermionfermion gas is unstablegas is unstable

Any weak attractive interaction leads to Any weak attractive interaction leads to 
Cooper pair formationCooper pair formation

Hard for electrons (Coulomb vs. phonons)Hard for electrons (Coulomb vs. phonons)

Easy in QCD for diEasy in QCD for di--quark formation (attractive      quark formation (attractive      
channel    )channel    )3 (3 3 = 3 6)⊗ ⊕
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In QCD, CS easy for large In QCD, CS easy for large µµ due to asymptotic due to asymptotic 
freedomfreedom

At high At high µµ,  m,  mss, , mmdd, , mmuu ~ 0, 3 colors and 3 flavors~ 0, 3 colors and 3 flavors
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Possible pairings:Possible pairings: α β
ia jb0 ψ ψ 0

AntisymmetryAntisymmetry in color (in color (α, βα, β) for attraction) for attraction

AntisymmetryAntisymmetry in spin (in spin (a,ba,b) for better use of the ) for better use of the 
Fermi surfaceFermi surface

AntisymmetryAntisymmetry in flavor (i, j) for in flavor (i, j) for PauliPauli principleprinciple



s
G

− s
G

Only possible pairings Only possible pairings 

LL and RRLL and RR
p
G

p
G

−

Favorite state Favorite state CFLCFL (color(color--flavor locking) flavor locking) 
((Alford, Alford, RajagopalRajagopal & & WilczekWilczek 19991999))

α β α β αβC
aL bL aR bR abC0 ψ ψ 0 = - 0 ψ ψ 0 = ∆ε ε

Symmetry breaking patternSymmetry breaking pattern

c L R c+L+RSU(3) SU(3) SU(3) SU(3)⊗ ⊗ ⇒
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What happens going down with What happens going down with µµ? If ? If µ µ << m<< mss we get we get 

3 colors and 2 flavors (2SC)3 colors and 2 flavors (2SC)

α β αβ3
aL bL ab0 ψ ψ 0 = ∆ε ε

c L R c L RSU(3) SU(2) SU(2) SU(2) SU(2) SU(2)⊗ ⊗ ⇒ ⊗ ⊗

But what happens in  real world ?
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● Ms not zero

● Neutrality with respect to em and color

● Weak equilibrium

(no free energy cost (no free energy cost 
in neutral in neutral --> singlet, > singlet, 
Amore et al. 2003)Amore et al. 2003)

All these effects make Fermi All these effects make Fermi momentamomenta of of 
different fermions unequal causing problems to different fermions unequal causing problems to 

the BCS pairing mechanismthe BCS pairing mechanism
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Consider 2 fermions with mConsider 2 fermions with m1 1 = M, m= M, m22 = 0 at the same = 0 at the same 
chemical potential chemical potential µµ. The Fermi . The Fermi momentamomenta areare

22
1F Mp −µ= µ=2Fp

Effective chemical potential for the massive quarkEffective chemical potential for the massive quark
2

2 2
eff

MM
2

µ = µ − ≈ µ−
µ
2M

2
δµ≈

µMismatch:Mismatch:
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If electrons are present,  weak equilibrium makes 
chemical potentials of quarks of different charges 

unequal:

d u ed ue µ −µ→ ν =µ⇒

i Q( Q )µ = µ+ µIn general we have the relation:

e Qµ =−µ

N.B. N.B. µµe e is not a free parameteris not a free parameter
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e

V Q 0∂ =− =
∂µNeutrality requires:Neutrality requires:

Example 2SC: normal BCS pairing whenExample 2SC: normal BCS pairing when

u d u dn nµ = µ ⇒ =
But neutral matter forBut neutral matter for

1/ 3
d u d u e d u u

1n 2n 2 0
4

≈ ⇒ µ ≈ µ ⇒ µ = µ −µ ≈ µ ≠
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Mismatch:Mismatch:
d u
F F d u e up p

2
0

82 2
− µ − µ µµδ = = = ≈µ ≠



Also color neutrality requiresAlso color neutrality requires

3 8
3 8

V VT 0, T 0∂ ∂= = = =
∂µ ∂µ

As long as As long as δµ δµ is small no effects on BCS pairing, but is small no effects on BCS pairing, but 
when increased the BCS pairing is lost and  two when increased the BCS pairing is lost and  two 
possibilities arise:possibilities arise:

●● The system goes back to the normal phaseThe system goes back to the normal phase

●● Other phases can be formedOther phases can be formed
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In a simple model with two fermions at chemical potentials In a simple model with two fermions at chemical potentials 
µ+δµµ+δµ, µ, µ−−δµ δµ the system becomes normal at the the system becomes normal at the 
ChandrasekharChandrasekhar--ClogstonClogston point. point. Another unstable phase exists.Another unstable phase exists.

BCS
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2 2E(p) (p )= δµ± −µ +∆

2 2E(p) 0 p=µ± δµ⇔ −∆=

The point The point |δµ| = ∆|δµ| = ∆ is special.  In the is special.  In the 
presence of a mismatch new features are presence of a mismatch new features are 
present. The spectrum of present. The spectrum of quasiparticlesquasiparticles isis

For |For |δµ| = ∆, δµ| = ∆, an an unpairingunpairing
(blocking) region opens up (blocking) region opens up 
and and gapless modesgapless modes are are 
present.present.

For |For |δµ| < ∆, δµ| < ∆, the gaps the gaps 
are are ∆ ∆ −− δµδµ and and ∆ + δµ∆ + δµ

2δµ

2∆
2 2δµ> ∆

Energy cost for pairing

Energy gained in pairing

begins to unpair

δµ = 0

E

p

|δµ| = ∆

|δµ| > ∆

gapless modes

blocking region

∆



g2SCg2SC Same structure of condensates as in 2SC Same structure of condensates as in 2SC 
((Huang & Huang & ShovkovyShovkovy, 2003, 2003))

4x3 fermions:4x3 fermions:
●● 2 quarks 2 quarks ungappedungapped qqubub, , qqdbdb

●● 4 quarks 4 quarks gappedgapped qqurur, , qqugug, , qqdrdr, , qqdgdg

α β αβ3
aL bL ab0 ψ ψ 0 = ∆ε ε

General strategy (NJL model):General strategy (NJL model):

3 8 eV( , , , , )µ µ µ µ ∆●● Write the free energy:Write the free energy:

●● Solve: Solve: 

NeutralityNeutrality

Gap equation

e 3 8

V V V 0∂ ∂ ∂= = =
∂µ ∂µ ∂µ

Gap equation
V 0∂ =

∂∆
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●● For For |δµ| > ∆|δµ| > ∆ ((δµδµ==µµee/2/2)  2 gapped quarks become )  2 gapped quarks become 
gapless. The gapless quarks begin to gapless. The gapless quarks begin to unpairunpair destroying destroying 
the BCS solution. But a new stable phase exists, the the BCS solution. But a new stable phase exists, the 
gapless 2SC (g2SC) phase. gapless 2SC (g2SC) phase. 

●● It is the unstable phase which becomes stable in this  It is the unstable phase which becomes stable in this  
case (and CFL, see later) when charge neutrality is case (and CFL, see later) when charge neutrality is 
required.required.
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g2SCg2SC
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●● But evaluation of the gluon masses (5 out of 8 become But evaluation of the gluon masses (5 out of 8 become 
massive) shows an instability of the g2SC phase. Some of massive) shows an instability of the g2SC phase. Some of 
the gluon masses are imaginary (the gluon masses are imaginary (Huang and Huang and ShovkovyShovkovy 20042004).).

●● Possible solutions are: gluon condensation, or another Possible solutions are: gluon condensation, or another 
phase takes place as a crystalline phase  (see later), or this phase takes place as a crystalline phase  (see later), or this 
phase is unstable against possible mixed phases.phase is unstable against possible mixed phases.

●● Potential problem also in Potential problem also in gCFLgCFL (calculation not yet (calculation not yet 
done).done).
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gCFLgCFLGeneralization to 3 flavors Generalization to 3 flavors 

α β αβ1 αβ2 αβ3
aL bL 1 ab1 2 ab2 3 ab30 ψ ψ 0 = ∆ ε ε +∆ ε ε +∆ ε ε

Different phases are characterized by different values for Different phases are characterized by different values for 
the gaps. For instance (but many other possibilities exist)the gaps. For instance (but many other possibilities exist)

3

3

3 2

2

1

1

1

2

g2SC : 0,
g

CFL :

CF
0

L :
∆ ≠ ∆ =∆ =
∆ >∆

∆ =∆ =∆ ∆

>∆

=
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Strange quark mass effects:Strange quark mass effects:

●● Shift of the chemical potential for the strange Shift of the chemical potential for the strange 
quarks: quarks: 2

s
s s

M
2α αµ ⇒ µ −
µ

●● Color and electric neutrality in CFL requires Color and electric neutrality in CFL requires 
2
s

8 3 e
M , 0
2

µ =− µ = µ =
µ

●● gsgs--bdbd unpairingunpairing catalyzes CFL to catalyzes CFL to gCFLgCFL

( )
2
s

bd gs bd gs 8
1
2

M
2− = µ −µ =−µ =δµ
µ
2
s

rd gu e rs bu e
M,
2− −δµ = µ δµ = µ −
µ 21



It follows:It follows:
2M
µ

2∆

2M 2> ∆
µ

begins to unpairEnergy cost for pairing

Energy gained in pairing

22

Again, by using NJL model (Again, by using NJL model (modelledmodelled on oneon one--gluon gluon 
exchange):exchange):
●● Write the free energy:Write the free energy:

●● Solve:        Solve:        

NeutralityNeutrality

Gap equationsGap equations

3 8 e s iV( , , , , M , )µ µ µ µ ∆

e 3 8

V V V 0∂ ∂ ∂= = =
∂µ ∂µ ∂µ

i

V 0∂ =
∂∆



●● CFL CFL # # gCFLgCFL 22ndnd order order 
transition at Mtransition at Mss

22//µµ ~ 2~ 2∆, ∆, 
when the pairing when the pairing gsgs--bdbd
starts breakingstarts breaking

●● gCFLgCFL has gapless has gapless 
quasiparticlesquasiparticles. Interesting . Interesting 
transport propertiestransport properties
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●● gCFLgCFL has has µµee not zero, with charge cancelled by not zero, with charge cancelled by 
unpaired u quarksunpaired u quarks
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●● LOFF (LOFF (Larkin, Larkin, OvchinnikovOvchinnikov, , FuldeFulde & & FerrelFerrel, 1964, 1964):):
ferromagnetic alloy with paramagnetic impurities. ferromagnetic alloy with paramagnetic impurities. 

●● The impurities produce a constant exchange The impurities produce a constant exchange 
fieldfield acting upon the electron spins giving rise to acting upon the electron spins giving rise to 
an an effective difference in the chemical potentials effective difference in the chemical potentials 
of the opposite spins producing a of the opposite spins producing a mismatchmismatch of the of the 
Fermi Fermi momentamomenta



According to LOFF, close to first order point (CC point),  According to LOFF, close to first order point (CC point),  
possible condensation withpossible condensation with non zero total momentumnon zero total momentum

qkp1
GGG

+= qkp2
GGG

+−= xqi2e)x()x(
GG

⋅∆=ψψ
m2iq x

m m
m

ψ(x)ψ(x) = ∆ c e ⋅∑
G G

More generallyMore generally

q2pp 21
GGG

=+

|q|
G

|q|/q
GG

fixed fixed variationallyvariationally
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chosen chosen 
spontaneouslyspontaneously



Single plane wave:Single plane wave:
2 2E(p) E( p q) (p )−µ→ ± + −µ δµ≈ −µ +∆ µG G G

∓ ∓

qvF
GG

⋅−δµ=µ

Also in this case, for Also in this case, for F| | v qµ = δµ− ⋅ <∆GG

a a unpairingunpairing (blocking) region  opens up and (blocking) region  opens up and gapless    gapless    
modes are presentmodes are present

Possibility of a crystalline structure (Possibility of a crystalline structure (Larkin & Larkin & 

OvchinnikovOvchinnikov 1964, Bowers & 1964, Bowers & RajagopalRajagopal 20022002))
i

i

2iq x

|q |=1.2δµ

ψ(x)ψ(x) = ∆ e ⋅∑
G G

G

The The qqii’s’s define the crystal pointing at its vertices.define the crystal pointing at its vertices.
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Crystalline Crystalline 
structures in LOFFstructures in LOFF
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The LOFF phase is studied via a The LOFF phase is studied via a GinzburgGinzburg--Landau Landau 
expansion of the grand potentialexpansion of the grand potential

⋅⋅⋅+∆
γ

+∆
β

+∆α=Ω 642

32

(for regular crystalline structures all the (for regular crystalline structures all the ∆∆qq are equal)are equal)

The coefficients can be determined microscopically for The coefficients can be determined microscopically for 
the different structures (the different structures (Bowers and Bowers and RajagopalRajagopal (2002)(2002)))
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Gap equationGap equation

Propagator expansionPropagator expansion

Insert in the gap equationInsert in the gap equation
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We get the equationWe get the equation

053 =⋅⋅⋅+∆γ+∆β+∆α

0=
∆∂
Ω∂

31

Which is the same asWhich is the same as withwith

The first coefficient has The first coefficient has 
universal structure, universal structure, 

independent on the crystal. independent on the crystal. 
From its analysis one draws From its analysis one draws 

the following resultsthe following results

=∆α

=∆β 3

=∆γ 5
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2
2normalLOFF )(44. δµ−δµρ−0=Ω−Ω

)2(
4

2
BCS

2
normalBCS δµ−∆

ρ
−=Ω−Ω

)(15.1 2LOFF δµ−δµ≈∆

Small window. Opens up in QCD?Small window. Opens up in QCD?
((LeibovichLeibovich, , RajagopalRajagopal & Shuster 2001; & Shuster 2001; 

GiannakisGiannakis, Liu & , Liu & RenRen 20022002))
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Single plane waveSingle plane wave

Critical line fromCritical line from

0
q

,0 =
∂
Ω∂

=
∆∂
Ω∂

Along the critical lineAlong the critical line

)2.1q,0Tat( 2δµ==
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Preferred Preferred 
structure:structure:

faceface--centered centered 
cubecube

General General 
analysisanalysis

((Bowers and Bowers and 

RajagopalRajagopal (2002)(2002)))



Effective gap equation for the LOFF phaseEffective gap equation for the LOFF phase

((R.C., M. R.C., M. CiminaleCiminale, M. , M. MannarelliMannarelli, G. , G. NardulliNardulli, M. , M. RuggieriRuggieri & R. & R. GattoGatto, 2004, 2004))

For the single plane wave (P = 1) the pairing region is For the single plane wave (P = 1) the pairing region is 
defined bydefined by

{ F
eff u d

2 2
u,d F

for (p, v ) PR(

p

E ) (E ) 0 elsewhere

E ( v q) ,

∆ ∈∆ =∆θ θ =

=± δµ− ⋅ + ξ +∆ ξ= −µ

G

GG

eff
2 2

0 eff

g dv d
2 4

δρ ∆
∆ = ξ

π ξ + ∆∫ ∫
G 2

24 µ
ρ =

π
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How to obtain this result starting from an effective theory How to obtain this result starting from an effective theory 
for fermions close to the Fermi surface? Problem:for fermions close to the Fermi surface? Problem:

2iq r T
v v∆e C⋅

−ψ ψ
G G

∼L
where in  the Fermi fields the large part in the where in  the Fermi fields the large part in the 

momentum has been extractedmomentum has been extracted

Fp v= µ + A

Solution: appropriate average procedure over the cell sizeSolution: appropriate average procedure over the cell size

T
eff v v∆ C−→ ψ ψL
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Average byAverage by

3
k

R
k 1 k

sin( qr / R)g (r )
r=

π
=

π∏G

When R/When R/π π ~ 1 different from zero in a region of the ~ 1 different from zero in a region of the 
order of the cell size. Condition satisfied if the gap is order of the cell size. Condition satisfied if the gap is 

not too small.not too small.
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For P plane wavesFor P plane waves

k

P
2iq x

k=1

ψ(x)ψ(x) = ∆ e ⋅∑
G G

an analogous average procedure gives pairing regions an analogous average procedure gives pairing regions 
and effective gap given byand effective gap given by

{ }k F E F

P

E F eff F m
m 1

P (p, v ) | (p, v ) k

(p, v ) (p,v q )
=

= ∆ = ∆

∆ = ∆ ⋅∑

G G

GG G
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We obtain the following gap equationWe obtain the following gap equation

k

k

P
E

2 2
k 1 P E

P

2 2 2
k 1 P

g dv dP
2 4 2

g dv d k
2 4 2 k

=

=

ρ ξ ∆
∆ = =

π π ξ + ∆

ρ ξ ∆
=

π π ξ + ∆

∑∫∫

∑∫∫

G

G

The result can be interpreted as having P quasiThe result can be interpreted as having P quasi--particles particles 
each of one having a gap each of one having a gap kk∆∆, , k =1, …, P.k =1, …, P.
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The approximation is better far from a second order The approximation is better far from a second order 
transition and it is exact for P = 1 (original FF case).transition and it is exact for P = 1 (original FF case).
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Evaluating the free energy at the Evaluating the free energy at the 
CC point we see that the P=6 case CC point we see that the P=6 case 
(octahedron) is favored. Then the (octahedron) is favored. Then the 
cube takes over at cube takes over at δµδµ22 ~ 0.95 ~ 0.95 ∆∆
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Two phase transitions from the CC point Two phase transitions from the CC point 
((MMss

22//µ = 4 ∆µ = 4 ∆2SC2SC) ) up to the cube case up to the cube case 
((MMss

22//µµ ~ 7.5 ~ 7.5 ∆∆2SC2SC). ). Extrapolating to CFL Extrapolating to CFL 
((∆∆2SC2SC ~ 30 ~ 30 MeVMeV) one gets that LOFF ) one gets that LOFF 

should be favored from about                            should be favored from about                            
MMss

22//µµ ~120 ~120 MeVMeV up up MMss
22//µ ∼ 225 µ ∼ 225 MeVMeV
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ConclusionsConclusions

●● Under realistic conditions (MUnder realistic conditions (Mss not zero, color not zero, color 
and electric neutrality) new CS phases might existand electric neutrality) new CS phases might exist

●● In these phases gapless modes are present. This In these phases gapless modes are present. This 
result might be important in relation to the result might be important in relation to the 
transport properties inside a CSO.transport properties inside a CSO.
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