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1. Motivation:

e QCD under extreme conditions = finite Temperature & density
fascinating theoretically 4+ experimentally

e sign problem:

D =~E0,+iA,) = DT for p =0
D +~Eu finite p # 0 breaks anti-hermiticity

= det(D +op) has complex phase, no importance sampling!

but Zqcp and other observables remain real

e quenched QCD -+ vs. unquenched:

in quenched approx. chiral symetry unbroken ~ m,

— understand role of dynamical quarks, yPT p—independent ?

e SU(2) & adjoint: a way out

— det(D + you) remains real — Lattice simulations




e Effective Field theory & Matrix Model:

— based on global symmetries & exactly solvable

3 2 types of MM: (not mutually exclusive)

( a) phenomenological a la Landau-Ginsburg )

b) “exact” limit of QCD = exPT



What can we learn from MM?

e which theory: QCD, SU(2), adj.rep. = a) phase structure

e input SxSB (qq) # 0
= b) extract low energy constants (qq), fr (1 # 0!) on Lattice:

from J) eigenvalue spectrum ~ 0 dependence on

— chemical potential u
— quark masses m .

— number of flavours N;
— topology v

e Localise sign problem

e Limitations:
Ny flavour dependence too weak for

— B(g) change sign,
— Ny dependence of order of phase transition



2. The Matrix Model Approach

e idea: replace theory Hamiltonian, P, ... by matrix
with independent entries (Gauss) of same global symmetry:
time-reversal 4+ spin (Wigner-Dyson)

o
e anti-hermitian ) — ( —(C)IDT 0 ), ® random matrixe R /C /H
for SU(2)/ QCD / adjoint
and (- Yoavrge — (- )um [Shuryak, Verbaarschot 93]
[Verbaarschot "94|
+ fixed topology: & =
e chemical potential D + vous

non-Hermitian

[Stephanov ’96; Halasz, Osborn Verbaarschot '97]



Anti-Unitary symmetries = 3-fold way

x {I),v5} =0 = block structure + [Verbaarschot "94]:

e SU(2) fund.

7=(or 1)

e SU(N, > 3) fund.

?=(a0)

e SU(N¢) adjoint

?=(a0)

¢-clements € R e C € real H
from [Coo K, Ip] = 0 from [CK, p] =0
SU(N¢) adjoint also SU(2) fund.
staggered staggered staggered




Scatterplots of complex MM eigenvalues
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[M.A. Halasz, J.C. Osborn, J.J.M. Verbaarschot Phys.Rev. D56 (97) 7059]



3. Relation I} spectrum < xSB (i = 0)

Euclidean + Dq. = i\ M €R for u=20

R— finite V' B / .
p(A) = (X, (A — X)) spectral density

chiral symmetry

(D, =0 = p(A) = p(=A)

v = |np —ngl, A = 0« topology
Banks-Casher p(0) = V|{qq)|/m
from Resolvent:
S(m) = —¢ Onlog Zqon = —¢ [ dAp(N) 5y

invert for p(\) = 5= [S(iX + &) — B(iA — ¢)]  (if m-independent)

™

e YSB: djumpat A =0

« 110 [ d?2, No §P(2) when limm — 0! still jump?



xSB at up # 0:
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e phase quenched Ny =2 vs. unquenched N; = 2:
complex spectral density p(z) (upper) vs. num. resolvent >(m) (lower):
3 oscillatory region = ySB

[J.C. Osborn, K. Splittorff, J.J.M. Verbaarschot Phys.Rev.Lett. 94 (05) 202001;
hep-lat/0510118]



4. From QCD to yPT to MM

Zqcp —— Z\pPT — Ze
A (gq) #0 pilons 7(z) |[V]| <oo  SU(Ny) integral
“Goldstone”  0-mode & Zum

box V=L'| 1/ANL<K1/m,

1) low momenta 1/L < A non-Goldstone scale

2) Compton wavelength 1/m, > L box size

[Gasser, Leutwyler 87; Leutwyler, Smilga 92]



Solution of MM: o-model

o Zyy = f d¢N><N H;Vf detUD + Yol + mf] exp[—N(ch>2Tr qﬁng]

—det[...] = [dydipexp[ty...1)] — do Gaussian [ d¢

~ Hubbard-Stratonovich: extra [ dQ N; x N; —do [ dipd

= Zyy ~ / dQn v, det]Q]" det [QTQ — MfongT—lzg}N

w o~ Na)*Tr(QlQ — M(@Q+Q")

pr = £p and Saddle Point N — oo:

e MM = exPT group integral

advantage of MM: all density correlations easy

from orthogonal polynomials € C [G.A. et al., Osborn 04]
& Replicas [Splittorff, Verbaarschot 03-+04]



Chiral Perturbation Theory & the e-regime (1 = 0)

Zypr = [[dU(x)] exp[— [TrLess(U,0U)]

Los = B0U(@)0U (@)~ Yag) (M€ ™ U () + (MU @)+

parametrise [/ € SU(N;) for QCD, else UXU’ 3 metric

e c-regime = const. U, dominate U = Uy e for m, ~ ﬁ <K %

Z. = [dUdet[Up]” exp|—3(qq)VTr (Mf(Uo + UJ))] X free fields

U(Ny)

after fixing v topology: invert Zqep = >, - expliOv] Z,(M)

e analytic solution ~ det [Bessel-I(m V' (qq))’s] & MM (QCD)

]



exPT at p # 0:

e add 1*V < 1/L? for Uy dominates

Z(p) = [ dUsdet[Up]” e=3*/2VTEWo BUIB) + §V @) Tr(; o U)))

e scaling: ;/*f2V and VM {(qq)
e s-independent for Baryon charge B = 1| (quarks only)

e cquivalent to complex MM (QCD):
[Splittorff, Verbaarschot 03, G.A., Fyodorov, Vernizzi 04]

e free MM parameter = f,

e Replica generating functional: conjugate quarks B # ||



Partial quenching: imaginary u

e c\PT: same group integral with 2 — —pu?

o OMM: D; +iuy,J =1,2eigenvalues X # Y different, real

p(X:; Y) = (Tro(Dr(pn) — X)Tr(Da(p2) — Y))
NOT (X -Y)

0.2

—— - p=0.0
—— B, F, V=005
0.15 |- g

fr from real correlation functions, also py # 0 = ps
[Damgaard, Heller, Splittorff, Svetitsky, Toublan 054+06; G.A., Damgaard,
Osborn, Splittorft 06]



5. Complex MM vs. Lattice data at ;1 # 0

Examples for analytic predictions:

e variables V{(qq)z = £ and p?V f2 = ji?

o p(€) = HIePEK, (K5) e 5 flare it g, 2vE )7, 20 E)

quenched QCD [Splittorff, Verbaarschot 03]

0 p(E) = e = ) ¢ Koy () T
X fo ds [ fl/ti o—2s(1+1)p? (JQV(Q\/Q &) Jon(24/5 €) — (€ (_)5*))

quenched SU(N¢) adj. / SU(2) fund. staggered [G.A. 03]



Real vs. complex QCD: Ny =v =0

pMM(a:) 1.5}

0.5}

e complex: small ;> < 1 (left) and g > 1 (right)



Real vs. complex SU(N¢) adj. (=SU(2) fund. stag.)

pMM<X = N)\)O.S—

e complex: small ;> < 1 (left) and p > 1 (right)



Comparison to quenched Lattice Data: small 2V
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e cuts through the complex density for QCD:
v = 0 staggered [G.A., T. Wettig 03]; v # 0 overlapp [Bloch, Wettig 06]
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e cuts through the complex density for SU(2) staggered [G.A., Bit-
tner, Lombardo, Markum, Pullirsch 04]



Unquenching SU(2):

cut curves
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versus unquenched data
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The scaling ;1°V =const.
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Phase quenching vs. unquenching: doable?

Ny = 2, mV{qq) = 5, p>f?V = 6.3: phase quenched QCD),
SU(2)

X

Qo
0y
Nt
IATFITFT 25

S

S
ey, '~.~.~

vs. unquenched QCD [G.A. Osborn,Splittorff, Verbaarschot05; GA05]
Re(parnr(§)) Sm(pya(§))




Leaving the c-regime

e propagating modes & reappear at scale

Thouless energy: Er, ~ f./VV
[Osborn, Verbaarschot 98]
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6. Conclusions

e Complex MM have provided many insights and quantitative tests
for the Lattice.

open problems:

o 3rd symmetry class: real non-symmetric matrices
Lattice easy vs. MM hard

o relation to YPT + 1 in e-regime: non-QCD classes

o unquenched QCD + up on Lattice



