XII WORKSHOP ON STATISTICAL MECHANICS AND NON PERTURBATIVE FIELD THEORY Bari, September 29 - October 1, 2004

UNIVERSALITY ALONG A LINE OF CRITICAL POINTS. THE ASHKIN-TELLER MODEL

Gesualdo Delfino SISSA-Trieste

Based on :

G.D. and P. Grinza, Nucl. Phys. B 682 (2004) 521

Main issues • Field theoretical predictions for lattice models; universality • Need for non-perturbative methods; integrability • Hints for theoretical progress on basic models • Challenge for lattice people

Outline of the talk • Universal ratios along a line of critical points • The Ashkin-Teller model • Scaling limit and field theory (Kadanoff) • Results from integrable quantum field theory

Critical points vs critical lines

Example : take the susceptibility χ lim_{t→0±} χ = Γ_±|t|^{−γ} (1)

γ is universal Γ_± are not universal, but Γ_+/Γ_− is

• Isolated critical point : t ∼ J_c − J

• Line of critical points :

(1) defines continously varying exponents and amplitudes with t coordinate along an unknown path Γ_± are not measurable, but their ratio is: Γ_+ Γ_−

(x_0) = lim_{x→x0} χ(x) χ(x_D) x_D = dual of x

The isotropic Ashkin-Teller model

H = − ∑ ⟨xy⟩

{J[σ_1(x)σ_1(y)+σ_2(x)σ_2(y)]+J_4 σ_1(x)σ_1(y)σ_2(x)σ_2(y)}

σ_1, σ_2 = ±1 • Symmetries :

– Spin reversal (Z_2 × Z_2) : σ_1 → −σ_1, σ_2 → −σ_2 – Exchange : σ_1 ↔ σ_2 • Phase diagram on the square lattice :

Reflection symmetry about the J_4 axis

• Special cases :

– J_4 = 0 : decoupled Ising subspace – J = J_4 : 4-state Potts subspace (symmetric role for σ_1, σ_2 and σ_1σ_2) – J = 0 : Ising model in σ_1σ_2 – J_4 → +∞ : σ_1(x)σ_1(y) = σ_2(x)σ_2(y) ⇒ Ising model with coupling 2J • Duality : J_0 arbitrary constant ω_1 = e^{2J+J4+J0} ω̃_1 = (ω_1 + 2ω_2 + ω_3)/2 ω_2 = e^{−J4+J0} ω̃_2 = (ω_1 − ω_3)/2 ω_3 = e^{−2J+J4+J0} ω̃_3 = (ω_1 − 2ω_2 + ω_3)/2 • Self-dual line : sinh 2J = e^{−2J4} Baxter : the self-dual line is critical up to the Potts point;

exact solution on the self-dual line; continously varying critical exponents • Away from the self-dual line : no exact solution, numerical results;

3 critical lines with fixed (Ising) exponents, 4 phases : I) ferromagnetic, ⟨σ_1⟩, ⟨σ_2⟩, ⟨σ_1σ_2⟩ ≠ 0 II) paramagnetic, ⟨σ_1⟩ = ⟨σ_2⟩ = ⟨σ_1σ_2⟩ = 0 III) partially ferromagnetic, ⟨σ_1⟩ = ⟨σ_2⟩ = 0, ⟨σ_1σ_2⟩ ≠ 0 IV) partially antiferro, ⟨σ_1⟩ = ⟨σ_2⟩ = 0, ⟨σ_1σ_2⟩ ≠ 0

Scaling limit and field theory

A_{scaling} = H^0_1+H^0_2+τ ∫ d^2x [ε_1(x)+ε_2(x)]+ρ ∫ d^2x ε_1ε_2(x)

H^0_j Ising fixed point Hamiltonians ε_j(x) Ising energy operators ε_1ε_2(x) marginal operator τ, ρ non-universal functions of J, J_4 • Line of fixed points : τ = 0 : c =^1_2 +^1_2 = 1 Dirac fermion ψ(x) = ψ_1(x)+iψ_2(x) (ε_j = ψ^+_j ψ^−_j ) or neutral boson φ(x) = ϕ(z) + ϕ̄(z̄) (ε_1 + ε_2 = cos βφ) • Locality :

⟨...Φ_1(ze^{2iπ}, z̄e^{−2iπ})Φ_2(0, 0)...⟩ = l_{Φ1,Φ2} ⟨...Φ_1(z, z̄)Φ_2(0, 0)...⟩ Φ_1, Φ_2 mutually local if l_{Φ1,Φ2} = 1 Operators local with respect to the energy cos βφ :

σ_j, μ_j j = 1, 2 V_p = exp[ipφ] U_{n,m} = exp [ i^{nβ}_{2m}φ + i^{2πm}_β φ̃ ] , n = 0, ±1, ..., m = ±1, ...

(φ̃ = ϕ(z) − ϕ̄(z̄), n = 2 × spin) In particular ψ = ( ψ_+ ψ_− ) = ( ψ^+_1 + iψ^+_2 ψ^−_1 + iψ^−_2 ) = ( U_{1,1} U_{−1,1} )

• Symmetry transformations :

– Spin reversal (Z_2 × Z_2) :

σ_1 → −σ_1 σ_1 → σ_1 σ_2 → σ_2 σ_2 → −σ_2

φ → −φ φ → −φ 2π β φ̃ → π −^{2π}_β φ̃ φ̃ → −φ̃

– Exchange (1 ↔ 2) : σ_1 → σ_2

φ → −φ 2π β φ̃ → π 2 − 2π β φ̃

– Semi-dualities (D_j) :

σ_1 → μ_1 σ_1 → σ_1 σ_2 → −σ_2 σ_2 → μ_2 β 2 φ ↔ −^{2π}_β φ̃ β 2 φ ↔ π 2 − 2π β φ̃

– Dualities (D_±) : σ_1 → μ_1 σ_2 → ±μ_2

βφ → βφ ± π 2π β φ̃ → 2π β φ̃ ± π 2

The self-dual line

A_{sd} = ∫ d^2x [ 1 2 (∂_aφ)^2 − ∑ n ( g_n cos 2nβφ + g̃_n cos 8n π β φ̃ )]

– invariant under all the previous transformations;

– g_n, g̃_n, β non-universal functions of J_4;

– criticality as long as all perturbing operators are irrelevant :

cos 2βφ marginal at β^2 = 2π

cos 8πφ̃/β marginal at β^2 = 8π

=⇒ the critical range of A_{sd} is 2π ≤ β^2 ≤ 8π

X_{σ1} = X_{σ2} = X_{σ1σ2} at β^2 = 2π =⇒ Potts point

Comparison with Baxter’s solution yields 4π β^2

= 1 − 2 π arcsin ( tanh 2J_4 tanh 2J_4 − 1 )

for the square lattice (Kadanoff).

β^2 → 6π as J_4 → −∞ =⇒

the AT critical line corresponds to 2π ≤ β^2 < 6π

Breaking duality

cos(2n − 1)βφ odd under duality =⇒

A_{AT} = A_{sd} − ∑ n τ_n ∫ d^2x cos(2n − 1)βφ

is the action of the scaling AT model; τ_n non-universal function of J and J_4.

Ignoring irrelevant terms for 2π ≤ β^2 < 6π yields A_{SG} = ∫ d^2x ( 1 2 (∂_aφ)^2 − τ cos βφ )

• τ > 0 : disordered phase II vacuum |0⟩ at φ = 0 invariant under spin reversal and exchange symmetry ⟨0|σ_1|0⟩ = ⟨0|σ_2|0⟩ = 0 ⟨0|σ_1σ_2|0⟩ = ⟨0| sin βφ 2 |0⟩ = 0

• τ < 0 : ordered region I 2 vacua |0_±⟩ = D_±|0⟩ at βφ = ±π |0_+⟩ ↔ |0_−⟩ under spin reversal and exchange symmetry ⇒ spontaneous symmetry breaking

⟨0_+|σ_1|0_+⟩ = ⟨0_+|σ_2|0_+⟩ = ±M_σ ⟨0_−|σ_1|0_−⟩ = −⟨0_−|σ_2|0_−⟩ = ±M_σ ⟨0_±|σ_1σ_2|0_±⟩ = ⟨0_±| sin βφ 2 |0_±⟩ = ±M_P

Bifurcation at the Potts point

For β^2 < 2π more operators become relevant

A_{DSG} = ∫ d^2x ( 1 2 (∂_aφ)^2 − τ cos βφ − g cos 2βφ )

Scattering description of phases I and II

A_± = (A_1±iA_2)/ √ 2 sine-Gordon soliton/antisoliton

A_i(θ_1)A_j(θ_2) = ∑ k,l=1,2

S^{AkAl}_{AiAj} (θ_1 − θ_2)A_l(θ_2)A_k(θ_1)

S^{A1A1}_{A1A1} (θ) = S^{A2A2}_{A2A2} (θ) =

S(θ) + S_+(θ) 2 S^{A2A2}_{A1A1} (θ) = S^{A1A1}_{A2A2} (θ) =

S_+(θ) − S(θ) 2 S^{A1A2}_{A1A2} (θ) = S^{A2A1}_{A2A1} (θ) =

S(θ) + S_−(θ) 2 S^{A2A1}_{A1A2} (θ) = S^{A1A2}_{A2A1} (θ) =

S(θ) − S_−(θ) 2

S_+(θ) = − sinh^π_{2ξ} (θ + iπ) sinh^π_{2ξ} (θ − iπ)

S(θ)

S_−(θ) = − cosh^π_{2ξ} (θ + iπ) cosh^π_{2ξ} (θ − iπ)

S(θ)

S(θ) = − exp −i ∫_∞ 0 dx x sinh^x_2 ( 1 −^ξ_π ) sinh^{xξ}_{2π} cosh^x_2 sin θx π

ξ = πβ^2 8π − β^2

Breathers : A_jA_j → B_{2k} , A_1A_2 → B_{2k+1}

m_{Bn} = 2M sin(nξ/2) 1 ≤ n < [π/ξ]

A_1, A_2 are ordinary particles in phase II and kinks in phase I

Form factors

F^Φ_{a1...an} (θ_1, . . . , θ_n) = ⟨0|Φ(0)|a_1(θ_1) . . . a_n(θ_n)⟩

Results for sine-Gordon: Karowski-Weisz, Smirnov, Lukyanov, Lukyanov-A. Zamolodchikov, ....

Two-particle ff’s : F^Φ_{ab} (θ_1 − θ_2) = ⟨0|Φ(0)|a(θ_1)b(θ_2)⟩

F^Φ_{ab} (θ) = S^{cd}_{ab}(θ)F^Φ_{dc} (−θ) F^Φ_{ab} (θ + 2iπ) = l_{Φ,a}F^Φ_{ba} (−θ) Res_{θ=iπ}F^Φ_{āb} (θ) = iδ_{ab} (1 − l_{Φ,a})⟨Φ⟩ Res_{θ=iu}c_{ab} F^Φ_{ab} (θ) = iΓ^c_{ab} F^Φ_c

Particle Creating Z_2 × Z_2 1 ↔ 2 operator A_1 σ_1μ_2 − × + A_2 A_2 μ_1σ_2 + × − A_1 B_{2k+1} sin βφ − × − − B_{2k} cos βφ + × + +

Φ Bosonic l_{Φ,Aj} l_{Φ,Bn} form σ_i (−1)^{δij +1} (−1)^n μ_i (−1)^{δij} (−1)^n E = ε_1 + ε_2 cos βφ +1 +1 C = ε_1 − ε_2 cos^{4π}_β φ̃ +1 +1 E_+ = ψ̄_1ψ_2 + ψ̄_2ψ_1 sin^{4π}_β φ̃ +1 +1 E_− = ψ̄_1ψ_2 − ψ̄_2ψ_1 sin βφ +1 +1 P = σ_1σ_2 sin^β_2 φ −1 +1 P^∗ = μ_1μ_2 cos^β_2φ −1 +1 σ_1μ_2 cos^{2π}_β φ̃ +1 +1 μ_1σ_2 sin^{2π}_β φ̃ +1 +1

Asymptotic bound: lim_{|θ|→∞} F^Φ_{ab} (θ) ∼ exp(y_Φ|θ|)

y_Φ ≤

X_Φ 2

In particular, in the paramagnetic phase II : • Disorder operators μ_1, μ_2 :

F^{μl}_{Aj Aj} (θ) = iπ⟨μ_l⟩ 2ξω(iπ)

F_0(θ) sinh^π_{2ξ} (θ − iπ) [ ω(θ) + (−1)^{l+j}ω(2iπ − θ) ]

ω(θ) = exp 2 ∫_∞ 0 dx x sinh ( 1 −^ξ_π ) x sinh^{xξ}_π sin^{2 θx}_{2π} sinh 2x

F_0(θ) = −i sinh θ 2 exp ∫_∞ 0 dx x sinh^x_2 ( 1 −^ξ_π ) sinh^{xξ}_{2π} cosh^x_2 sin^{2 (iπ−θ)x}_{2π} sinh x

• Order operators σ_1, σ_2 :

F^{σj+1 (mod 2)}

A_j B_1 (θ) = −F σ_{j+1 (mod 2)} B_1A_j (θ) = (−1) j a T_{(1+ξ/π)/2}(θ) P_{(1+ξ/π)/2}(θ)

F^{σj}_{Aj B2} (θ) = F^{σj}_{B2Aj} (θ) = (b cosh θ + c)

T_{1/2}(θ)T_{1/2+ξ/π}(θ) P_{1/2}(θ)P_{1/2+ξ/π}(θ)

T_α(θ) = exp { 2 ∫_∞ 0 dt t cosh ( α −^1_2 ) t cosh^t_2 sinh t sin^2

(iπ − θ)t 2π }

P_α(θ) = cos πα − cosh θ 2 cos^{2 πα}_2

a, b, c determined by

Res_{θ=i(π+ξ)/2}F^{σ2}_{A1B1} (θ) = iΓ^{A2}_{A1B1} F^{σ2}_{A2} Res_{θ=i(π/2+ξ)}F^{σ2}_{A2B2} (θ) = iΓ^{A2}_{A2B2} F^{σ2}_{A2} Res_{θ=iπ/2}F^{σ2}_{A2B2} (θ) = iΓ^{A1}_{A2B1} Γ^{B1}_{B1B2} F^{σ2}_{A1B1} (i(π − 3ξ)/2)

Correlation functions

⟨Φ_1(x)Φ_2(0)⟩ = ∞∑ n=0 ∑ a_1,...,a_n ∫ θ_1>...>θ_n

dθ_1 2π . . .

dθ_n 2π ⟨0|Φ_1(0)|a_1(θ_1) . . . a_n(θ_n)⟩⟨a_n(θ_n) . . . a_1(θ_1)|Φ_2(0)|0⟩e^{−En|x|}

E_n = n∑ k=1 m_{ak} cosh θ_k

• Example of two-particle approximation: central charge

c = 3 4π ∫ d^2x |x|^2⟨Θ(x)Θ(0)⟩ = 1

Universal ratios

• Observables : (Φ = σ_1, σ_2, σ_1σ_2)

M_Φ = ⟨Φ⟩ magnetisations C = ∫ d^2x ⟨E(x)E(0)⟩ specific heat χ_Φ = ∫ d^2x ⟨Φ(x)Φ(0)⟩ susceptibilities χ_{12} = ∫ d^2x ⟨σ_1(x)σ_2(0)⟩ mixed susceptibility

ξ^{2nd}_Φ =

(_1

4χ_Φ ∫ d^2x |x|^2⟨Φ(x)Φ(0)⟩

)_{1/2} 2nd moment c. l.

lim_{|x|→∞}⟨Φ(x)Φ(0)⟩ ∼ exp(−|x|/ξ_Φ) ‘true’ c. l.

• For the observable F :

F^+ is the limit toward a critical point along a path in phase II F^− is the limit toward a critical point along a dual path in phase I

• Examples of universal ratios : χ^+_Φ χ^−_Φ

R_Φ = χ^+_Φ (ξ^+_σ M^−_Φ)^2

• Results at the Ising decoupling point β^2 = 4π :

Ratio Two-particle Exact approximation ξ^{2nd +} σ /ξ^+_σ 1 0.999598087..

ξ^{2nd +} σ /ξ^{2nd −}_σ 3.1623 3.16249504..

χ^+_σ /χ^−_σ 37.699 37.6936520..

R_σ 2 2.00163051.. ξ^{2nd +}

P /ξ^+_σ 0.408 0.40656.. ξ^{2nd +}

P /ξ^{2nd −}_P 1.291 1.3088..

χ^+_P /χ^−_P 3 2.9108..

R_P 0.318 0.32104..

P = σ_1σ_2

• Check at the 4-state Potts point β^2 = 2π : σ = (σ_1, σ_2) σ_1, σ_2 = ±1 Potts spin variables :

s_α(x) = δ_{σ(x),α} − 1 4 = 1 4 [α_1σ_1(x) + α_2σ_2(x) + α_1α_2σ_1σ_2(x)]

Potts susceptibilities : χ = ∫ d^2x ⟨s_α(x)s_α(0)⟩ T > T_c

χ_L = ∫ d^2x ⟨0_α|s_α(x)s_α(0)|0_α⟩ T < T_c

χ_T = ∫ d^2x ⟨0_α|s_γ(x)s_γ(0)|0_α⟩ α ≠ γ T < T_c

χ^+/χ^−_L = [ χ^+_σ /χ^−_σ 1 + 2χ^−_{12}/χ^−_σ ] β^2=2π

≃ 4.02

χ^−_T /χ^−_L = [ 1 −^2_3χ^−_{12}/χ^−_σ 1 + 2χ^−_{12}/χ^−_σ ] β^2=2π

≃ 0.129

in agreement with G.D.-J. Cardy (1998, 2000)

Lattice estimates :

– Caselle, Tateo and Vinti (1999), numerical simulations – Enting and Guttmann (2002), series expansions compatible with field theory predictions but large error bars (logarithms)