Critical phenomena and renormalization-group flow
of quantum field theories

Ettore Vicari

University of Pisa

SM & FT 2008, Bari



Critical phenomena and renormalization-group flow
of quantum field theories

ABSTRACT:: In the framework of the renormalization-group
(RG) theory, several critical phenomena can be investigated by
studying the RG flow of an effective Landau-Ginzburg-Wilson
(LGW) ®* theory, having an N-component order parameter as
fundamental field, and containing up to 4th-order polynomials of the
field. I discuss the general properties of the RG flow of
®* theories, and present an overview of RG field-theory
results for physically interesting LGW ®* theories,
whose results apply to liquids, magnets, disordered and/or frustrated

spin systems, to the finite-T transition in hadronic matter, etc...



Critical phenomena are observed in many physical systems

There are two broad classes of phase transitions:

first order — discontinuity in thermodynamic quantities

continuous — nonanalytic behavior due to a diverging length

Examples of continuous

transitions:
® magnetic transitions

® liquid-vapor in fluids
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e first general framework was proposed by Landau (1937), based on

an expansion of the free energy in powers of the order parameter,

corresponding to mean-field approximation

e Renormalization-group (RG) theory by Wilson (1971)



In the framework of the RG theory, several critical phenomena can
be investigated by studying the RG flow of ®* theories with an
N-component fundamental field @, and containing up to 4th-order
polynomials of the field.

O(N)-symmetric models — £ = (9,9)* +r® 2 + u (P?)?
but also more complicated multi-parameter ®* theories with
several quadratic and quartic parameters, depending on the nature of
the order parameter and the symmetry-breaking pattern

L = Z[(aﬂq)z)Z —+ TZ(I)ZQ] —+ Z WUjjkl (I)Z(I)](I)kq)l

ijkl

Results for their RG flow apply to several physical systems,
such as liquids, magnets, the finite-T transition in hadronic
matter, etc...



Plan of the talk

e RG theory of critical phenomena and universality

e Field-theory approach based on LGW ®* theories

e RG flow of multiparameter ®* theories, n conjecture

e Overview of results for some physically interesting ®* theories:

O(N) models (ex.: polymers, liquid-vapor transition,
superfluid transition in “He, magnets, etc...) but also more
complicated ®* theories with several quadratic and quartic
parameters (ex.: frustrated spin models with noncollinear
order, superfluid transition in *He, disordered spin models,
magnets with impurities, multicritical behaviors in high-T%
superconductors, anisotropic antiferromagnets, quantum transitions in

cuprates, finite-71" transition in hadronic matter, etc...)



Continuous transitions are characterized by power-law behaviors

e Disordered (symmetric) phase (t=T/T.—1 >0, h =0):

f ~ t_ya CH ~ t_aa X t_77 X 52_77

e Ordered (broken) phase (t <0, h=0%): Cy ~ [t|7%, M ~ |t|°
e Critical isotherm (¢t =0, h > 0): y ~ ’h‘—7/557 é(q) ~ q 2t
e Scaling equation of state: h = tﬁ‘SF(z), v = Mt

e Finite-size scaling, ex. y ~ L?> M at t =0

e There are also critical behaviors characterized by exponential

approaches: LATTICE QCD where £ ~ eXp(Cﬁ) , and also 2D o
models, 2D KT transition



Main ideas to describe the critical behavior at a continuous transition
e Order parameter which effectively describes the critical modes

e Scaling hypothesis: singularities arise from the long-range
correlations of the order parameter, diverging length scale

e Universality: the critical behavior is essentially determined by a
few global properties: the space dimensionality, the nature and the

symmetry of the order parameter, the symmetry breaking
RENORMALIZATION-GROUP THEORY

e RG flow in a Hamiltonian space

e the critical behavior is associated with a fixed point of the RG flow

e only a few perturbations are relevant, the corresponding positive

eigenvalues are related to the critical exponents v, 7, etc...



The Gibbs free energy obeys a scaling law
fsing(ul, Uy ..., Uk, .. ) = b_dfsing(bylul, byQ’U,Q, e o ey bykuk, .. )

uy are nonlinear scaling fields (analytic functions of the model parameters)

In a standard continuous transition: two relevant scaling fields
uy ~t="T/T,—1 (with y; = 1/v) and uy ~ h (external field,
with y, = (8 + v)/v), and irrelevant u; (i > 3) with y; < 0.

The critical point is approached by u;, ¢ — 0 and uy, h — 0.

Setting 0¥ ue| = 1 — Fuing = [1e| ¥V Faing (un|ue| 7Y/ V¢ iy | 7¥1/9%)

Since w;|us|7¥/¥* — 0 (i > 3), and introducing the length scale &,

Foing = & [f(RE) + &9 fu(RE) + ], E~tTY

O(£ %) arises from the leading irrelevant us, and w = —ys.

Finite size: Fging(ut, up,u;) = L_d]:sing (LYt uy, LYhup,, LYiu;)



The presence of other relevant perturbations beside ¢ and h gives rise

to multicritical behaviors. Let us set the external field h = 0.
s

At a multicritical point (for example where o(n,)

ordered phase 1

critical lines with different order parame-

flop line disordered

phase

ter meet) other even relevant scaling fields

ordered phase 2

beside T must be tuned to observe the o)
n,

multicritical scaling.

If u; ~t and g; are n further relevant scaling fields
Foing =tV f(qit™ ... gt ™)
where t = (T — Twe)/Twe, and ¢; = y; /y; > 0.
When n = 1: fsing ~ tdyf(gt_¢), where g is the other relevant

parameter beside the temperature, and ¢ > 0 is the crossover exponent.

Scaling implies T,.(g) = T + cgl/¢



From the statistical model to the ®* QFT

Ex.: Ising model defined on a d-dimensional lattice,
H=-J) 005, oi==x1, Z=5 yexp(—H/T)

® The critical behavior is due to the long-range modes, with [ > a.

e As a result of a blocking procedure (b < [), preserving the

symmetry, Hps = Y (@oip — 02)” +ud_, (92 —v°)%, with p € R

o The limit a — 0 of H 2 should not change the universality class
= [d% [(0,0)* +1¢* +up?| , r—reoc T — T

o 7 = f d] exp[—H(gﬁ)] — QFT with H(p) —L(p)
e RG flow by a set of RG equations for the correlation functions

The way back provides a nonperturbative formulation of an

Fuclidean QFT, from the critical behavior of a statistical model.



The RG theory provides the basis for the field-theory approaches.

Many critical phenomena can be described by LGW ®* theories
L= [(0,:) + 1@+ > uijr @00 Py
i ijkl
where ® is a N-component field. They are constructed by requiring
a few global properties of the system, keeping terms up to 4th order.

UNIVERSALITY CLASSES within which the critical behavior is
universal: e spatial dimension e nature of the critical modes and

order parameter e symmetry and symmetry-breaking pattern

Ex: SUPERFLUID transition in “*He along the A-line: D=3, quantum
amplitude of helium atoms as order parameter, U(1) symmetry

3-D XY UNIVERSALITY CLASS: £ = |0,0|* + 7 |¢|? + u|p|* with
a complex field ¢, characterized by the critical exponents:
a = —0.0151(3), v = 0.6717(1), n = 0.0381(2)



Perturbative schemes in field-theory approach

We are interested in the critical behavior of the “bare” correlation
functions T, (p; r, u, A) of the ¢* theory £ = (0,,5)* + r@? + u (5*?)?

e Massive zero-momentum scheme defined in the disordered phase
Lo(p) = 2, m* + p* + O(pY)], Tu(0) = Z>m* g, T21(0)= 2"

which relate the renormalized quantities m, g to the bare ones r, u.

e The critical limit m — 0 can be studied by Callan-Symanzik RG
equations for T\ (p; m, g)

0 o 1

Mg +00) 5 = 5e(9) | T () = 2= e (@)lm? T (50)



e The RG functions 3(g) = mdg/Om and 7, +(g) = 0lnZ, ;/Olnm
can be computed as power series of g (computed up to six, seven
loops by Nickel etal for O(N) models)

e when m — 0 the coupling g is driven toward an infrared-stable
fixed point, i.e. a zero g* of the -function ﬁ(g) o —w(g* — g)

e Using the RG equations, n =n,(9%), 1/v=2-n,(9")+n:(g")

e The perturbative F'T expansions are asymptotic: S(g) =Y sng",
sn ~n’(—a)"n!, a > 0. They must be resummed before evaluating at
g*, exploiting Borel summability and knowledge of the large-order
behavior by computing instanton semiclassical solutions, which

provide important nonperturbative information

e Alternative MS renormalization scheme defined at T' = T,

¢ = 4 — d expansion, but also exp in the coupling setting e = 1



Many results for the 3D Ising universality class
(liquid-vapor systems, fluid mixtures, uniaxial magnets)

corresponding to £ = (9,0)? + rp? + up* with ¢ € R

v ] B
EXPT lig-vap 0.6297(4)*  0.042(6)  0.324(2

( (2)
fluid mix 0.6297(7)" 0.038(3) 0.327(3)
magnets 0.6300(17)" 0.325(2)
( 0.034(3) 0.326(1)

( (3)

1

PFT 6,7-1 MZM®  0.6304(13)
O(e®) exp®  0.6290(25)  0.036(5)  0.326(3
Lattice HT exp' 0.63012(16)  0.0364(2) 0.3265(1)
MC? 0.63020(12) 0.0368(2) 0.3267(1)

* By using the hyperscaling relation o = 2 — 3v. [1] M. Campostrini, A.
Pelissetto, P. Rossi, EV (2002). [2] Y. Deng, HWJ Bléte, (2003) [3] R. Guida, J.
Zinn-Justin, (1998)



3D XY universality class

& 120
L =10upl* + 7ol +ulpl® (complexp) =+
The superfluid transition in “He is an ex- E _
ceptional experimental opportunity, exploit- g .
ing also a microgravity environment using the E;; ‘0 \
Space Shuttle (data up to a few nK from T¢) o 10 Hﬁfm Lo 107
Q % n
EXPT “He' —0.0127(3)  0.6709(1)*
PFT 6,7-1 MZM?* —0.011(4) 0.6703(15) 0.035(3)
O(e®) exp®  —0.004(11)  0.6680(35) 0.038(5)
Lattice MC4H+HT®  —0.0151(3)* 0.6717(1)  0.0381(2)
MC 4 —0.0151(9)*  0.6717(3)

* By a@ = 2 — 3v. [1] J.A. Lipa, etal, PRB 68 (2003) 174518; PRL 76 (1996) 944.
[2] R. Guida, J. Zinn-Justin, (1998). [3] M. Campostrini, M. Hasenbusch, A.

Pelissetto, EV (2006). [4] E. Burovski, etal, (2006)

— Significant discrepancy between EXPT and Lattice results



There are also several critical phenomena which are described by

more general multi-parameter ®* theories:

N 1 N

1
L = 5 Z(au%)2 + rigaz —' Z Uijkl PiPjPEPI

1=1

e The parameter r; and u;;x; depend on the symmetry.

e If criticality is driven by one T-like parameter, and all ; become
critical, ), ©? must be the only invariant quadratic term. Thus
ri =71, Zz Uikl X Ol, €tc...

e In the absence of a large symmetry like O(N), several quartic

couplings must be considered.

e all ®* theories are expected to be trivial for D = 4 like O(/N) models



Physically interesting LGW &* theories
e O(M)®O(N) model, fields ¢, are M sets of N-comp vectors
L= [(0upa)* + 107 +uo(Y_ 62)* +v0 ) (da- )’
a a a,b

For M =2, N = 3, vg < 0, U(2) — O(2), superfluid transitions in °He.
For M =2, vy >0, O(2) ® O(N) — O(2) ® O(N — 2), noncollinear

frustrated magnets (stacked triangular antiferromagnets).

® VN model with a real M x N matrix field Dui

L = Z /,Lgbaz T T¢az + Z Up + U05@]) qbaqubj

17,ab

For N — 0, disordered spin systems at magnetic transitions.

For M =1, N = 2,3, magnets with cubic anisotropy.



® Spin-density wave model (®, are complex N-comp vectors)

0,@11 + [0, P2 4+ r(| 1] + |P2]) 4+ u1,0(|1]* + [®2*)
"‘U?,O(’q)ﬂz + ]@3 2) + w1,0’¢1|2|¢2’2 + wa,0|P1 - (I)2|2 + w3 0| P7 - 6132]2

Critical behavior in spin-density wave systems.

Quantum transitions in 2D in high-T, superconductors (cuprates).

® U(N)@U(N) models (® is a complex NxN matrix)
Ly = Trd,®'9,® + rTrdf® + uy (Trd @) + o) Tr (d10)
Finite-T transition in QCD with N quarks, neglecting U(1) 4 anomaly

e SU(N)®SU(N) models: Lgyy = Ly + wp (det®! + detd)

Finite-T transition in QCD taking into account the U(1)4 anomaly effects



The competition of different orderings is described by
more complicated LGW ®* theories containing more quadratic

Invariants

® O(n1)®O(ns) theory with two O(n1) and O(ny) vector fields

L= (apmgl)z + (amgz)z + "“1512 + 7“2522 + w1 ( 412)2 + ua( ?)2 + w<g12<g22

Multicritical behavior arising from the competition of orderings
with symmetries O(n1) and O(nsg), at the point where the transition
lines meet. This point is approached by tuning 2 relevant parameters.

O(ny)

O(ny)
ordered 1 ordered 1

flop line

In high-T,. superconduc-

disord
phase tors, anisotropic antifer-
ordered 2 ordered 2

o(n) O(n) romagnets, etc...




® The RG flow is determined by the
FPs, ie. common zeroes g;;, of v
Biiki(Gabea) = mOgijr/Om (MZM),
6ijkl(9abcd> = Magijkl/aﬂ (M—S)

A FP is stable if all eigenvalues of its
stability matrix S;; = 00;/0¢g;|s=¢+ have

2

positive real part
® The existence of a stable FP implies that e physical systems
with the given global properties can undergo a continuous transition,

the asymptotic behavior in continuous transitions is controlled by
the stable FP (apart from cases requiring further tunings)

® The absence of a stable FP predicts 1st-order transitions between
the disordered and ordered phases in all systems

e Even in the presence of a stable FP, systems that are outside its
attraction domain undergo 1st-order transitions



Multiparameter ®* theories have usu-
ally several FPs. An interesting ques-
tion concerns the existence of a physi-
cal quantity such that the comparison
of its values at the FPs identifies the
most stable FP

In 2D unitary QFT, the central charge c is such a quantity

C s

(T'(z1)T(22)) = e f(D)|Lxoo = fool — Cer at T =T,
c-theorem (Zamolodchikov, 1986): the stable FP in a 2D unitary
QFT is the one with the least value of ¢

No extension to higher dimensions has been achieved yet.
There have been some proposals especially for 4D QFT, but no conclusive

results



n for ®* theories — 1 conjecture (EV, Zinn-Justin, 2006): In
general unitary ®* theories the infrared stable FP is the one that

corresponds to the fastest decay of correlations

This is the FP with the largest value of the 1
critical exponent 1 which characterizes the G(x) X pd—2+41n
power-law decay of the two-point correla- de = (d 24 77) /2

tion function G(z) at criticality

e It holds in the case of the O(NN)-symmetric ®* theory. For d < 4,
the Gaussian FP, for which n = 0, is unstable against the non-trivial
Wilson—Fisher FP for which n > 0

e It is proven within the ¢ = 4 — d expansion, i.e. close to d =4

e It remains a conjecture in d < 4, its validity is confirmed by

analytic and numerical results (no counterexample exists!)



RG flow, critical exponents, etc..., by F'T perturbative methods
L= [0upi)” + 1071 + Y Uijkl 9105 0xP1
i ijkl
e Massive (disordered-phase) MZM scheme: expansion in
powers of the MZM quartic couplings g;;xi

Fq(;?)(P) = 0152, [m® +p* +O0(p")], Ffj;ll(o) =mZ;? giji

e Massless (critical) MS scheme: Minimal subtraction within the
dimensional regularization, e expansion, d = 3 MS exp

e High-order computations for several LGW ®* theories, to SiX
loops, requiring the calculation 2 1000 diagrams (Pelissetto, EV)

e Resummation exploiting Borel summability and calculation of the
large-order behavior, by instanton semiclassical calculation

e The comparison of MZM and MS expansions checks the results



O(M)®O(N) theory (¢, are M sets of N-component vectors)
L= [Ouda)” +107) +uo(Y_ 82)" +v0 ) _[(Ga - 60)* — $201]

a,b

e For M =2,v9 >0, O(N) — O(N — 2)

— transitions in noncollinear frustrated spin systems, stacked
triangular antiferromagnets, such as CsMnBrs, CsVBrs, modeled by

H =J Z sw) - s(w) — Ju, Z §’(v)-§’(w)—|—DZsz(v)2

(vw) zy (vw) 5

Frustration arise from the

special geometry — ordered

ground state with a chiral

120° structure

e For M =2, N =31 <0, U2) — O(2), transition in *He



Experiments on several physical systems show continuous
transitions, with exponents v = 0.57(3),0.54(3) for N =2 and
v =0.62(5) for N =3

The existence of these new chiral universality classes requires a stable
FP in the 3-d RG flow of the O(2)@O(N) ®* theory.

Originally investigated by € = 4 — d expansion: no stable FP is found

close to d = 4, thus predicting first-order transitions for all systems.

— apparent contradiction, but the extension to d = 3 is not

guaranteed: new FP’s may appear going from d < 4 to d = 3.

This contradiction has been solved by high-order computations
within 3D FT schemes (Pelissetto, Rossi, EV, 2001; Calabrese etal 2004),
6-loop and 5-loop in the MZM and MS schemes respectively , which
show the existence of a stable FP.



Their analyses show a stable FP, supporting the existence of new 3-D
chiral universality classes, which explain experiments. Critical
exponents v = 0.57(3) for N = 2 and v = 0.55(3) for N = 3 are in

agreement with experiments.

0 0.2 0.4 0.6 0.8 1 12

Zeroes of the MS [ functions (left) and RG trajectories in the u, v
plane from the Gaussian to the stable chiral FP (right).



Magnetic transitions in disordered spin systems

Spin models with impurities: mixing of antiferromagnetic
materials with non magnetic ones, Fe,7Zn;_,Fs, Mn,7Zn;_,F5
(uniaxial), Fe,Fr,, Fe,Mn,Zr. (isotropic), “He in porous materials.
Modeled by H = —.J Zw pi p; S; - Sj, where p; = 1,0 with
probability p and 1 — p respectively.

Quenched disorder: the relaxation of impurities is very slow, thus
the free energy F'(p) o« InZ(p) must be averaged over the disorder,
thus thermal and then disorder averages

OePH(sip) S
Zif}ewm (O = [P0 o)

General magnetic transitions in the case disorder does not
break O(N) symmetry, such as the +.J Edwards-Anderson model
H = — Z(ij) Jwgz . §j with P(JZ) = p(S(JZ-j — J) + (1 —p)5(<]7;j + J)

(0)(B,{r}) =




In the FT approach they can be described by a ®* theory with
quenched disorder coupled to the energy-density operator

Hy = 0u@(x)® + (r + ¢(2)@(2) * + go(B(x) *)
Y (x) is a spatially uncorrelated random field, P (1)) ~ exp(—1?/4w)

The replica trick, InZ = lim,, (2™ — 1)/n , allows us to obtain a
translation invariant Hamiltonian (MN model)

Hyun = Z [(8,u¢a,i)2 — T¢3J + Z (uo -+ Uo5z’j) qﬁiﬂﬁ;
1,a 17,ab
a,b=1,..M,1,7=1,..N, ug <0.
The original system is recovered in the limit N — 0

The critical behavior is determined by the RG flow of the MN
model in the limit NV — 0, and in particular by analyzing the
high-order MZM and MS series for N = 0.



The critical behavior of the pure system is stable if apye < 0 (Harris,

1974), as in multicomponent systems.

In Ising-like systems the pure Ising FP is un- _:'5\“35}%‘;}:;:*-; """"""""
stable since aqs = 0.1096(5). Another stable | .-
FP exists, implying the existence of a new 3D "*  com "
RDI universality class. I
o ° 1 — lsing-to-RDIs
Experiments confirm it. IR R I B A =
: . : . DI
“He in porous materials and isotropic RDI exp - v
. . i t 0.69(1 0.359(9
magnets show the same critical behavior CEPETLIEnES (1) (9)
o PFT?2 0.678(10)  0.349(5)
as pure systems. Ising-like systems behave
, , MC RSIM 3 0.683(2)  0.354(1)
differently, showing v > viging >~ 0.630
MC +J IM 3 0.682(3)  0.353(2)

[1] Uniaxial antiferromagnets Fe,Znj_,F2 (Slani¢ etal, 1999) [2] To six loops
(Pelissetto, EV, 2000) [3] Finite-size scaling analysis of MC data (Hasenbusch,

Parisen Toldin, Pelissetto, EV 2007)




The para-ferromagn. transition in the 3D +.J Edwards-Anderson
Ising model belong to the RDI universality class.

H=— Z<my> J1yT 20y, on a simple cubic lattice, where 0, = =1,

and .J,,, = =1 are uncorrelated quenched random variables with
probability distribution P(J,y,) = pd(Jzy — 1) + (1 — p)d(Jzy + 1).

Simplified model for disordered uniaxial materials which show glassy
behavior in their phase diagram, such as Fe,Mn;_,TiOs3.

The high-7T" phase is paramagnetic. The low-
T phase depends on p: it is ferromagnetic for
small values of 1 —p, while it is glassy with van-
ishing magnetization for larger values. High-
1" and low-T" phase are separated by para-ferro

and para-glassy transition lines, which meet at

a magnetic-glassy MCP




Finite-T' transition of QCD with N, light quarks

Ny
1l 0 +a - .
Lacp = _ZF’““/FW + wa (ivu Dy — my) Yy
=1

B €]
Z =Tre PH = /DAszsz exp(—S/g°), S:/ dt/dga: Laocp
0
Chiral symmetry for my =0: ¥ r — U(N¢)L rYL R
UNf L @UNg)r ~U(l)y @U(1)a @ SU(Ny)L ® SU(Ns)r

U(1)y quark-number conservation, U(1)4 broken by the anomaly,
SU(N;)rL ® SU(Ny)r broken to SU(N¢)y due to a nonzero (1))

Phase transition at 7. ~ 200 Mev restoring chiral symmetry
e Order parameter — ®;; = @L,in,j, a Ny x Ny complex matrix
e SB due to <77E¢> SU(Nf)L 0% SU(Nf)R — SU(Nf)V

The nature of the transition depends on Ny



One may also consider aQCD, SU(N,.) gauge theories with Ny Dirac

fermions in the adjoint repr (asymptotically free for Ny < 11/4)
Ny 7 .
Laqep = 1 F F, + 3¢ 2  pyuDutbp,  DOP = 9,0% 4 i A, f&°
e Chiral symmetry: U(2Ny), actually SU(2N) due to the anomaly.

Bilinear quark condensation reduces it to SO(2Ny).
o Z(N.), broken in the high-T phase like pure gauge theory

Two phase transitions in aQCD: first-order deconfinement transition
at T, related to Z(N.) and then chiral transition at T, related to
SU(QNf), Tc/Td ~ & for Nf =2

SB at the chiral transition: SU(2N;) — SO(2N;) with a 2Ny x 2Ny

symmetric complex matrix as order parameter.



The nature of the finite-7" transition in QCD can be investigated
using renormalization-group methods based on universality (originally
applied by Pisarski, Wilczek, 1984)

Let us assume that the transition is continuous, when & > 1/T,
the system is effectively 3D, then its critical behavior should belong
to a 3D universality class characterized by the same symmetry
breaking pattern

QCD: SU(N{)®@SU(N¢)r — SU(Ny )y, with complex Ny x Ny

matrix order parameter

aQCD: SU(2N¢) — SO(2Ny), with complex symmetric Ny X Ny

matrix order parameter
If U(1)4 is effectively restored at T, then
QCD: U(Ny),®U(Ng)r — U(Ng)y [aQCD: U(2Ny) — O(2Ny)]



The most general 3D LGW ®* theory compatible with the
given symmetry breaking pattern provides an effective theory of the
critical modes at T.. Neglecting U(1) 4 anomaly,

Lyny = Tr(9,97)(0,®) + rTrdT® 4 ug (TI'(I)T(I)>2 + vo'Tr (@TCI))2

o if ®;; is a complex N x N matrix, vg > 0,
U(N)L®U(N)r—U(N)y, corresponding to QCD

o if ®;; is symmetric, U(IN)—O(N), corresponding to aQCD y /o

e Due to anomaly: SU(N;),®@SU(Nf)r —SU(Ny)y for QCD
[SU(2N;)—O(2Ny) for aQCD], achieved by
LSU(N) = LU(N) -+ Wy (detq)T + detCID)

e Nonvanishing quark masses correspond to an external field H;;
coupled to ®;;, by adding +Tr (H® + h.c.)



A necessary condition of consistency with the initial
hypothesis of continuous transition is the existence of a stable

FP in the corresponding 3D ®* theory

e If no stable FP’s exist, the transition of QCD (aQCD) is predicted
to be first order

e If a stable 3D FP is found, the transition can be continuous, in this
case its universal critical behavior is determined by the FP. But, it

may still be first order if the system is outside the attraction domain
of the stable FP.



o N =2, QCDy,—2, no anomaly: The corresponding
universality class exists if there is a stable FP in the 3D U(2)®U(2)
theory with a complex 2x2 matrix field ®

Lyny = Tr(0,97)(9,®) + rTrdTd 4 ug (TI'CIDTCID)2 + vo'Tr (<I>T<I>)2

e No stable FP is found close to 4D within the € expansion (Pisarski,
Wilczek, 1984), its extension to 3D would predict always 1st-order

stable FP

- /| —— zeroesof B
e In both MZM and 3D MS )L — zercesof B,
schemes, the analysis of high-order v
series show the presence of a stable
FP (Basile, Pelissetto, EV 2005) /\0

Gaussian O(n) u
™ unstable T

Thus, the 3-D U(2)®@U(2)/U(2) universality class exists, which

implies that transition can be continuous, with v =~ 0.7, n = 0.1



e QCDy,—» taking into account the U(1)4 anomaly
Symmetry breaking — SU(2)®SU(2)/SU(2) ~ O(4)/0(3)

This corresponds to the O(4) universality class. This means that, if

the transition is continuous, it must show the O(4) scaling behavior

M x H|H| =)/ B (y) ™ . — n=1A |
y o t|H| 1/ (B+9) '
5= 4.789(6), £ = 0.3882(10)

E(y)

\ ‘ \ | ‘ \
0 -4 2 2 4
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— The corresponding LGW ®* theory is more complicated —



Due to U(1) 4 anomaly: Lgy(2) = Lu(2) + wo (detCI)T + det(I)) +
2o (Tr@T®) (det® + det®) + yo [(det®T)? + (det®)?| , where
wo,To,Yyo~ g — effective breaking of U(1)4 (Pelissetto, EV, 2005)

2 mass terms: transition lines in the 7T-g plane meeting at a MCP

controlled by the U(2),®U(2)g theory for g = 0

in the case of contin-
uous (left) or first or-
der (right) at g =0

g

T

4\
O(4)

U@L \O(4)

g

‘o(4)
]

/
1st order O(4)

O(4) critical behavior if the transition is continuous and g # 0. A

mean-field behavior may occur for particular values of ¢ in the right case.

If |g| is small (a suppression of anomaly effects around T, is suggested by
MC), we may have crossover effects controlled by the U(2)®U(2)
MCP [Fying ~ 3 f(gt™?), v = 0.7, ¢ ~ 1.5]



e QCD with N, > 3

L ="Tr(0,2)(0,®) + rTro'® +
Uo (TI‘(I)TCI))2 + vo'Ir (CIDTCID)2 + wy (GletCIDJr — detCID)

The high-order analysis does not show any stable FP for N > 3,
therefore the transition in QCD with Ny > 3 is predicted to be first

order
e a(QCD with Ny = 2

A stable FP is found when ® is a 4 X 4 symmetric matrix field,
corresponding to SU(4)/SO(4), showing the existence of a
corresponding 3D universality class. (Basile, Pelissetto, EV, 2005)



Summary of predictions for the finite-T" transition of QCD

QCD no anomaly, N. — o0
SU(Ny) ® SU(Ny) U(Ny) @ U(Ny)
Ny =1 crossover or first order O(2) or first order
Ny =2 O(4) or first order U(2),®U(2)r/U(2)y or first order
Ny >3 first order first order
adjoint QCD no anomaly
SU(2Nf)/SO(2Ny) U(2Ny5)/O(2Ny)
Ny =1 O(3) or first order U(2)/0(2) or first order

Ny =2 SU(4)/SO(4) or first order first order




Comparison with lattice MC results

HARD TASK: the chiral transition must be studied in the

continuum and massless limit, 1.e. V — oo, N; — oo, my — 0.
Physical case: Ny = 2 light quarks + heavier quarks

MC simulations show a crossover at m¢ > 0 around their
physical values (Bernard etal, Cheng et al, Aoki et al, de Forcrand et al, )

The nature of the transition in the chiral limit is still of some
interest: some scaling relations of the critical behavior may still be

valid at the physical values of the quark masses.



e QCD Ny = 2: from RG — O(4) or first order

STILL CONTROVERSIAL: Some MC results favor a continuous
transition. But the results have not been sufficient to settle its O(4)
nature yet. There are also results favoring a first-order transition.

(many refs should be cited ...)

Two remarks: — A continuous transition implies a crossover for m¢ > 0,
as apparently shown by MC, while a first-order transition is expected to
persist at mys > 0, — It depends on the mass of the quark s: for sufficiently

small mass of s it is expected to be first order as in the case of Ny = 3.

e QCD N¢ > 3 no stable FP, thus — 1°* order, confirmed by MC
(e.g., de Forcrand, Philipsen, Karsch, etc..., )

e adjoint-QCD Ny = 2 — SU(4)/SO(4) or 1% order. MC results

are consistent with a continuous transition (Karsch etal, Engels etal)



some conclusions ...

e The RG flows of generalized ®* theories is physically
interesting because they describe many critical phenomena.

e Field-theory approaches are effective, even in complex
cases with several quadratic and quartic parameters

e Accurate results are obtained by perturbative expansions
and high-order computations, after resummation exploiting
Borel summability and the knowledge of their large-order

behavior. Satisfactory comparisons with experiments

Results from PFT may improve by extending the series. This is a
very hard numerical task, essentially limited by the computation of
the multivariable integrals associated with the huge number of

diagrams (they are already 2 1000 at six loops).



